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Preface

The Internet, because of its size, decentralized nature, and loosely controlled
architecture, provides a hotbed of challenges that are amenable to mathemati-
cal analysis and algorithmic techniques. The primary goal of the 3rd Workshop
on Combinatorial and Algorithmic Aspects of Networking (CAAN 2006) was to
bring together mathematicians, theoretical computer scientists and network spe-
cialists in this fast-growing area that is an intriguing intersection of computer
science, graph theory, game theory, and networks. CAAN 2006 took place on
July 2, 2006 in Chester, UK, co-located with the 13th Colloquium on Struc-
tural Information and Communication Complexity (SIROCCO 2006). The two
previous CAAN workshops were held during August 6-7, 2004 at the Banff Inter-
national Research Station, Alberta, Canada and on August 14, 2005 in Waterloo,
Ontario, Canada.

In response to the call for papers we received 22 submissions. Each submission
was reviewed by four referees. Based on the reviews, the Program Committee
selected ten papers for presentation at the workshop. The workshop program also
featured an invited talk by David Peleg. This volume contains the contributed
papers and an abstract of the invited talk.

We would like to thank the Organzing Committee of SIROCCO 2006, in par-
ticular Christoph Ambiihl, Catherine Atherton, Leszek Gasieniec and Prudence
Wong, for all the organizational help that made it easy for us to arrange CAAN
together with SIROCCO. Furthermore, we are grateful to Andrei Voronkov for
providing the EasyChair conference system, which we used to manage the elec-
tronic submissions, the review process, and the electronic program committee
meeting. It simplified our task significantly. Finally, we thank the invited speaker,
the authors of the contributed papers, and all participants of CAAN 2006 for
helping to make the workshop a success.

August 2006 Thomas Erlebach
Program Chair
CAAN 2006
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Recent Advances on Approximation Algorithms
for Minimum Energy Range Assignment
Problems in Ad-Hoc Wireless Networks

David Peleg*

Department of Computer Science and Applied Mathematics,
The Weizmann Institute of Science, Rehovot 76100, Israel
david.peleg@weizmann.ac.il

Ad-hoc wireless networks have no wired infrastructure. Instead, they consist of
a collection of radio stations S = {1,2,...,n} deployed in a given region and
connected by wireless links. Each station is assigned a transmission range, and a
station ¢ can correctly receive the transmission of another station s if and only if
t is within the range of s. The overall range assignment, 7 : S — R, determines
a (directed) transmission graph G,.. The transmission range of a station depends
on the energy invested by the station. In particular, the power Ps required by
a station s to correctly transmit data to another station ¢t must satisfy the
inequality Py > dist(s,t)®, where dist(s,t) is the Euclidean distance between
sand t and « > 1 is the distance-power gradient. The value of o may vary from
1 to more than 6 depending on the environment conditions at the location of
the network (see [16]).

In order to allow an ad-hoc network to carry out certain basic communication
paradigms, a fundamental design problem that needs to be solved is to calculate
a transmission range assignment r such that (a) the corresponding transmission
graph G, satisfies a given connectivity property II, and (b) the overall energy
required to deploy the range assignment r is minimized. For any desired graph
property IT, the resulting problem is denoted MIN-RANGE(IT).

We focus on two basic types of communication paradigms.

— Broadcast is a task initiated by a source station which has to disseminate a
message to all stations in the wireless network. This task constitutes one of
the main activities in real life multi-hop wireless networks [10].

— Routing is a task initiated by a source station which transmits a message
intended to one particular destination station in the network.

To facilitate these two paradigms, the underlying transmission graph G, is re-
quired to satisfy one of the following two properties, respectively.

B: Given a set of stations and a specific source station s, G, has to contain a
directed spanning tree rooted at s.
SC: Given a set of stations, G, has to be strongly connected, i.e., contain a
directed path from every station to every other station.

* Supported in part by a grant from the Israel Ministry of Science and Technology.

T. Erlebach (Ed.): CAAN 2006, LNCS 4235, pp. 1-@ 2006.
© Springer-Verlag Berlin Heidelberg 2006



2 D. Peleg

This characterization of the properties does not restrict the number of hops the
communication might require. For quality of service purposes, it may be desirable
to impose a bound h on the maximum number of hops in any communication
path. This yields the following two variants.

Blh): Given a set of stations and a specific source station s, G, has to contain
a directed spanning tree of depth at most h rooted at s.
SC[h]: Given a set of stations, G, has to contain a directed path of at most h
hops from every station to every other station.

We now review some known results on these problems. For broadcast, observe
that if @ = 1, then the MIN-RANGE(B) problem is solvable in polynomial time.
Moreover, in the 1-dimensional case (i.e., when the stations are placed on a line),
the problem is solvable in polynomial time for any & > 1 [6]. Ford > 2 and o > 1,
however, MIN-RANGE(B) is NP-hard [5]. In [25] it is shown that whenever
a > d, the algorithm proposed in [I0] based on constructing a minimum weight
spanning tree achieves constant approximation. It is not known whether the
problem admits a polynomial time approximation scheme.

Efficient solutions were given for MIN-RANGE(B[h]) when A is constant. In
particular, a polynomial-time algorithm for MIN-RANGE(B[h]) for h = 2, based
on a nontrivial dynamic program, is given in [I]. Moreover, the problem is given
a polynomial-time approximation scheme for any fixed constant h > 1. For € > 0,
the scheme has time complexity O(n#) where p = O((a2aho‘/e)ah).

For arbitrary h, an O(hn*)-time exact algorithm for MIN-RANGE(BIh]) on trees
is presented in [I8]. In addition they present a probabilistic O(logn loglogn) ap-
proximation algorithm for MIN-RANGE(B[h]) on a general metric space. These
results are improved to a ratio of O(logn) in [3/12] independently. The existence
of a polynomial time approximation scheme (or even a polynomial time constant
ratio approximation algorithm) for arbitrary A is not known.

Turning to the strong connectivity property SC, we first remark that in the
one-dimensional case, i.e., when the stations are located on the real line, the
problem is polynomial. An O(n?*)-time algorithm for this problem is described
n [I3]. When the stations are spread in d-dimensional space (d > 1), finding
an optimal solution for MIN-RANGE(SC) is NP-hard [9/I3], and moreover, it is
APX-hard for d > 3 [13]. On the positive side, the problem has a 2-approximation
algorithm based on constructing a minimum spanning tree [I3].

Finally, consider the bounded-hop strong connectivity requirement SCTh]. It
is known that MIN-RANGE(SCh]) is NP-hard on general metric spaces for con-
stant h [I2]. For the 1-dimensional case where the stations of S are spread on
the line, an O(hn?)-time 2-approximation algorithm for o = 2 and any h > 0
is described in [7]. In higher dimensions, lower and upper bounds are shown
in [§] on the optimal cost for any 2-dimensional instances with distance power
gradient > 1, where h is an arbitrary constant. It is also shown therein that
when S is a family of well-spread instances (namely, the locations in S are suit-
ably distributed), the MIN-RANGE(SC[h]) problem on S admits a polynomial
time approximation algorithm with constant ratio, i.e., MIN-RANGE(SCh]) is



Recent Advances on Approximation Algorithms 3

in APX. Additionally, it is shown that the MIN-RANGE(SC|[h]) problem with a
uniform instance probability is in the class Av-APX.

For arbitrary h, a polynomial time approximation algorithm of ratio O(n?) for
MIN-RANGE(SCIh]) on trees and a randomized polynomial time approximation
algorithm of ratio O(n?logn loglogn) for the problem on general metric spaces
were presented in [I8]. This was improved in [3] to an approximation algorithm
of ratio O(logn).

Finally, a polynomial time constant factor approximation algorithm for MIN-
RANGE(SC[h]) on general metrics is given in [I2]. The approximation ratio of
the algorithm is (1/ (V2 — 1))a (1+39) (3‘”1)}172. This is done by first con-
sidering a new variant of the classical uncapacitated facility location problem
UFL [UI5[I7], named the hierarchical facility location problem on metric pow-
ers, HF L, [h]. This problem involves a set F' of locations that may open a facility,
subsets D1, Do, ..., Dp_1 of locations that may open an intermediate transmis-
sion station and a set Dj of locations of clients. Each client in Dj must be
serviced by an open transmission station in Dy_; and every open transmission
station in D; must be serviced by an open transmission station on the next lower
level, D;_1. An open transmission station on the first level, D; must be serviced
by an open facility. A cost ¢;; is associated with assigning a station j on level
[l > 1 to a station ¢ on level | — 1. Also, for i € F, a cost f; is associated with
opening a facility at location 7. It is required to find a feasible assignment that
minimizes the total cost.

A polynomial time constant ratio approximation algorithm is then established
for the HFL,[h] problem, by solving a linear relaxation of the corresponding
integer linear program and then using the filtering and rounding technique of
[14/17]. Finally, the MIN-RANGE(SC|[h]) problem is reduced to HFL,[h], so that
the constant approximation algorithm for HF L, [h] yields also an approximate
solution for MIN-RANGE(SCh]).
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The Price of Anarchy in Selfish Multicast Routing
(Extended Abstract)

Andreas Baltz*, Sandro Esquivel, Lasse Kliemann*, and Anand Srivastav

Institut fiir Informatik, CAU Kiel
Christian-Albrechts-Platz 4
24118 Kiel
{aba, sae, lki, asr}O@numerik.uni-kiel.de

Abstract. We study the price of anarchy for selfish multicast routing
games in directed multigraphs with latency functions on the edges, ex-
tending the known theory for the unicast situation, and exhibiting new
phenomena not present in the unicast model. In the multicast model we
have N commodities (or player classes), where for each i = 1,..., N, a
flow from a source s; to a finite number of terminals ¢}, ..., tfi has to be
routed such that every terminal ¢/ receives flow n; € R>o.

One of the significant results of this paper are upper and lower bounds
on the price of anarchy for edge latencies being polynomials of degree at
most p with non-negative coefficients. We show an upper bound of (p+1)-
v Z:rl in some variants of multicast routing. We also prove a lower bound
of P, so we have upper and lower bounds that are tight up to a factor of
(p+1)v. Here, v and v* are network and strategy dependent parameters
reflecting the maximum/minimum consumption of the network. Both
are 1 in the unicast case. Our lower bound of v?, where in the general
situation we have v > 1, shows an exponential increase compared to the
Roughgarden bound of O(p/Inp) for the unicast model. This exhibits
the contrast to the unicast case, where we have Roughgarden’s (2002)
result that the price of anarchy is independent of the network topology.
To our knowledge this paper is the first thorough study of the price of
anarchy in the multicast scenario. The approach may lead to further
research extending game-theoretic network analysis to models used in
applications.

1 Introduction

Multicast routing in communication networks is a natural and practically rel-
evant extension of the so far quite well studied unicast routing. Among the
applications of multicast routing are the transmission of music, movies, confer-
ences, or any other popular content, that is requested by several customers at a
time. A formal description of our multicast routing model needs many techni-
cal definitions. We keep the introduction on a more informal level and refer the
reader to Sect. 2l for all necessary details.

* Supported by Deutsche Forschungsgemeinschaft.

T. Erlebach (Ed.): CAAN 2006, LNCS 4235, pp. 5-[I8] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Problem Formulation. An instance of selfish multicast routing consists of a
directed multigraph G = (V, E), where the edges are also called links, a set of
N player classes, called commodities, where commodity ¢ is characterized by a
source s; and terminals (or sinks) ¢}, ...,t% and a (flow) demand of n; € Rx.
The links are each equipped with a latency function [, : R>9 — R>q. For
commodity i, a set S = {P1,..., P} where P; is an Si—tg—path7 is called a
strategy. The task is to realize for every commodity i, a flow in the network
from s; to all terminals ¢}, ... ,tfi, satisfying the demand n; for every terminal.
We think of the demand as being under control of infinitely many players, each
controlling a negligible fraction and selfishly trying to find the fastest route for
it. This game-theoretic model is known as the Wardrop model.

In the unicast model, k; = 1 for all i, so we have a collection of single
source/single sink commodities, and every strategy S consists of one path only.
In the multicast case there are two different ways to route the flow f(.5) assigned
to a strategy S for commodity 4: either, we route f(S) on each path, which is
the usual notion of flows satisfying the Kirchhoff conservation law (here shortly
called conservation flow), or we allow multiple duplication of flow at certain
nodes: a link which serves several, say r, terminals in a strategy, i.e., a link con-
tained in r paths of that strategy, only needs to transmit the data once, not r
times. That is because the data can later be duplicated to serve all terminals.
In this way, the congestion on the links can be reduced. We call such a flow
duplication flow.

The cost of a flow is defined by SC(f) = > gcg ls(f)f(S), where & is the set
of all strategies of all commodities, f(S) < n; is the portion of the demand that
by the decision of the selfish players has been allocated to strategy S, and ls(f)
is the strategy latency for S. We study four different definitions for g, which all
coincide in the unicast case. Together with the two types of flows (conservation
and duplication), we thus have 8 variants of multicast. The price of anarchy
for a multicast instance Z is p(Z) = sup; SSCC((JZC*)), where f ranges over all Nash
equilibria and f* is an optimal flow. A Nash equilibrium is a flow in which
no player (meaning: no portion of the flow, however small) has an incentive to
unilaterally deviate from his current strategy.

Previous and Related Work. By the pioneering work of Roughgarden [1] and
Roughgarden and Tardos [2] we know that p(Z) in the unicast model for latency
functions being polynomials of degree p, is bounded from above by O(, fp) (and

is g for p = 1). As already an example of a 2-parallel links network has a price
of anarchy of g (for p = 1), the surprising conclusion is that it is independent of
the network topology from a worst-case point of view [I} Sec. 3.4].

Our Results. A solid foundation for the analysis of multicast routing games is
given in Sect. Bl In Sect. 2] we introduce a concise model, and in Sect. we
show, using results on variational inequalities, the existence of Nash equilibria.

As a main result, we show in Sect. [J] that the price of anarchy in multicast
routing may depend heavily on the network topology and the strategies. Certain
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edges of the graph may be utilized under certain strategies more than others,
although the players on those strategies are not charged for this. On the other
hand, some strategies may depend highly on some edges but only contribute
a small amount to their utilization. See Remark [2] for a more detailed discus-
sion of this. To capture the effects of this phenomenon, which does not occur in
unicast routing, we introduce for each edge and strategy an integer called the
consumption. Moreover we introduce two new invariants for a graph G and a set
of strategies &, which we call mazimum (resp. minimum) consumption number,
v = v(G,6) resp. v* = v*(G,6). We have v = 1 = v* in unicast routing.
We show in Sect. B3] that in two variants of multicast for polynomial latency
functions of degree p (where we will always assume non-negative coefficients),
the price of anarchy is at most (p + 1)”?:1 and in Sect. provide a lower
bound for one of these variants of v? (with v* = 1). So, we have here a gap of
(p+ .

We then present (also in Sect. B.2) a multicast instance with price of anarchy
at least vP. As in general v > 1, the v? bound is exponentially larger than the
corresponding unicast bound of O(hfp). This is surprising (and disappointing
from the point of view of a company running the network). For instances using
the advantages of duplication flows in order to de-load high-latency links, the
cost of the global optimum decreases drastically, but unfortunately, due to selfish
behavior, the users grab (greedily) certain links without a look ahead and block
them out, so that the cost of the Nash equilibrium still stands high. For other
definitions of strategy latency, in Sect. ] we are able to prove that results from
non-atomic congestion games, i.e., bounds of the form O(, fp), carry over.
Open Problems. A couple of interesting open problems arise from this pa-
per. For example, can the (p + 1)v factor gap between upper and lower bound
be closed? Can exponentially high prices of anarchy be reduced by taxation
schemes? It would also be interesting to consider polynomial time algorithms for
the computation of equilibria.

An ambitious task would be to study multicast for information flows with
duplication and coding facilities of the network. Such networks are the state-
of-the-art in today’s engineering designs. Our work can be considered as a first
step in this direction.

2 Basics of Multicast Routing

2.1 Model and Instances
An instance of selfish multicast routing consists of the following.
e A directed multigraph G = (V, E)). The edges are also called links.

o A set of N player classes (or user classes). Sometimes, player classes are also
called commodities. Each player class is characterized by a demand n; and a
vector of vertices (s;;t},... in), where s; is the source, and the ¢}, ... in are
the terminals.
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e The demand n; is supposed to be routed from s; to each of the terminals
th ... ,tfi. We think of the demand as being under control of infinitely many
players, each of them controlling a negligible amount of it. This is the well-
known Wardrop model (see, e.g., [1L Sec. 2.2]), which will become clearer when
we define flows and Nash equilibria below.

e Fach link e € E in the graph is equipped with a latency function I, : R>g —
R>o. We always assume each latency function to be non-decreasing and standard
[I]. This means that it is differentiable and £ — 1.(£)¢ is convex.

If an amount £ of traffic is to be routed through the link e, each unit of flow
will take [.(£) time to traverse e. Hence we have a total latency of [.(£)§ on that
link.

e For i € [N] = {1,...,N}, we call a set of paths S := {P1,..., P, } where
P; is a path connecting s; with ¢} for j € [k;], a strategy. Note that for unicast
routing k; = 1 for all ¢. The set of all strategies we wish to allow for player
class i is denoted by &;. We assumd] that &; N S; = 0 for all i,j € [N]. Let

CRES UiE[N] 61

e An action distribution (according to [2]), simply called flow, is a map f :
6 — R such that all the demands are met, i.e., S5, f(S) =ni Vi€ [N].
A flow can be understood as a partition of each of the real intervals [0, n;].
Each of these intervals represents the continuum of infinitely many players of
the corresponding player class. The quantity f(S) gives, for each S € &;, the
portion of demand that by the decision of the players from that class is routed
according to that particular strategy S.

As described in the introduction, the routing of a flow in the multicast model
can be done in two different ways: we can route the demand with flows in the
usual sense (conservation flows) or with flows allowing duplication (duplication
flows).

e Let e € F and S € &. We define the consumption of e under S as c(e, S) :=
[{P € S; e € P}|, i.e., the consumption is the number of paths in S traversing
e, or in other words, the number of terminals served via e in this strategy.

e The congestion f. of alink e with respect to a flow f is the amount of traffic that
link e has to process. The total latency of a link e hence is l.(f.) f.. Each instance
defines the congestion in one of the following ways, depending on whether we
have conservation flows or duplication flows.

f= {Esee(e) c(e,S)f(S) conservation flows

1
>ses(e) f(5) duplication flows (1)

Here, G(e) denotes the set of all strategies that contain a path which in turn
contains e.

e We denote by ls(f) the so-called latency of strategy S with respect to a flow
f. In unicast lg(f) is simply the sum of the latencies in the single path of which

1 Otherwise we have to treat & as a multiset.
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the strategy S consistdd. Let S = {P1,..., Py, } € 6. As in [1], the latency of a
path P under f is defined by

lp(f) =) L(fe).

ecP

By E(S) we denote the union of the edges in all the paths in S. Note that we
consider E(S) not as a multiset, so edges do not appear multiple times even if
they lie in several paths.

We introduce the following four definitions of the latency of a strategy S.

lgdgcs(f) = Z le(fe) ’ lg'aths(f) = Z lp(f)

ecE(S) pes 2)
aths av 1 atns max
) = g B ) = maxle ()

An instance of selfish multicast routing includes one of these strategy latency
functions.

The latency of a strategy ls(f) is the latency that all players experience who
choose strategy S. It can hence be thought of as a kind of equivalent to what is
known as utility or payoff function in other game-theoretic settings.

Remark 1. 1. For unicast routing, all four definitions in (2 coincide.
2. Tt is easy to see that [5°™"(f) = > een(s) cles S)le(fe)-

2.2 Nash Equilibria, Social Cost, Price of Anarchy

A flow f is called a Nash equilibrium (sometimes abbreviated NE), if
f(Sl) > 0= 151 (f) < 152(f) VSl, S, €6; Vie [N] . (3)

Hence, in a Nash equilibrium, only minimum-latency strategies are used, since
then no player has an incentive to choose a different strategy (provided the rest
of the players keep their current decision). If each lg is continuous (which will
be the case during all our studies), then the game admits at least one Nash
equilibrium. This follows from the characterization of Nash equilibria as the
solutions to a certain variational inequality (see Thm. [Iland the discussion after
that).
We define the social cost of a flow f as

SC(f) =Y _ Is())f(S) .
Se&

The social cost captures the overall performance of the system for a given flow
f. We will always assume that our instances admit a flow f* with minimum
social cost and that SC(f*) > 0. Existence is guaranteed if all lg are continuous

2 The maximum over all links in the path has also been studied [3].
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(which will be the case in our studies), because the set of flows is compact. For
an instance Z of selfish multicast routing with optimal flow f*, define the price

of anarchy by
SC(f)
p(Z) := sup .
@) 7is N SC(f*)
Nash equilibria have a very simple structure, as seen in the following propo-
sition. The proof for this is straightforward.

Proposition 1. Let f be a Nash equilibrium. Then, for every i € [N], there
exists a real number 1;(f) such that ls(f) = Li(f) for all S € &;, whenever
f(S) >0, and no strategy in &; has latency less than 1;(f).

Corollary 1. Let f be a Nash equilibrium. Then SC(f) =32,y li(f)ni-

We now aim for further characterizations of Nash equilibria. Let f, f be flows.
Define SC/(f) := Y osea ls(f)f(S). The first part of the following theorem is
well-known for the unicast case, see, e.g., [I, Lem. 3.3.7] or [4] and the references
therein. The whole theorem also holds in a more general context than multicast

routing, for it (and its proof) does not require the notion of congestion.

Theorem 1. 1. Let f be a flow. Then f is a Nash equilibrium if and only if

we have _ _
SCY(f) > SC(f) for all flows f . (4)
2. Let each lg be continuous. Then the multicast game admits at least one Nash
equilibrium.

Proof. We refer the reader to the full version of this paper for the proof of [I]).
For 2)) note that () is equivalent to » ¢ & lIs(f)(f(S) — f(S)) > 0 for all flows

f. This is a well-studied variational inequality. It has been shown in [5] with
deep results from the index theory of vector fields that it admits at least one
solution. a

Note that all strategy latencies from (2]) are continuous, because we only consider
standard latency functions and because the congestion is a continuous mapping.
Hence, all our multicast games admit at least one Nash equilibrium.

In the rest of the paper we investigate the price of anarchy for conser
vation flows resp. duplication flows and the four strategy latencies from (2I).
These are 8 cases. In Sect. Bl we show for 5 of them that the price of an-
archy depends on the network topology, while in two other cases it does not

(Sect. @).

3 Price of Anarchy Dependent on the Network Topology

For a directed graph G and a set of strategies G we define the minimum and
mazximum consumption number as

v*(G,6) :=min min c(e,S) , v(G, 6):=max max c(e,S) .
SEG ecE(S) SEG ecE(S)
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We write just v* and v, if we are dealing with only one instance at a time. In a
unicast situation there is only one path in each strategy and hence v*(G, &) =
1=v(G,6).

3.1 Latency [P2ths ave gpd [max

Consider the instance 7% in Fig. [l In this instance, we have N + 1 player
classes, all sharing the source s.

— For each i € [N], player class 7 has one terminal ¢;. The demand is r, for a
fixed r € R>o.

— Player class N + 1 has N terminals ¢1,...¢y. This class has demand R,
R € R fixed.

There are two links between s and each ¢;, one with constant latency r + R and
one with latency function [ : & +— &. Defining a strategy in this example for
player class N + 1 means picking for each ¢; either the &-link or the link with
constant latency. Conservation flows and duplication flows coincide, since each
strategy consists of edge disjoint paths.

t ta t3

ty-1 In

Fig. 1. Example Z"%¥  The values r and R are non-negative real numbers. £ denotes
the latency function [ : £ +— &.

Theorem 2. By choosing r sufficiently small and R and N sufficiently large, the
price of anarchy in the example in Fig.[dl can be made arbitrarily high (although
we still have linear latency functions). More precisely, we have for large N

R
PN > (14 1)1 = o(1))
This holds for all four combinations of conservation flows and duplication flows
on the one hand, and [P9"s w9 gnd ™9 on the other hand.

Proof. Let f be the flow where all players from all classes choose the links with
latency function ¢ — &. We then have lgaths E(f) = r + R for all strategies
S. The same holds for I™**. Hence, f is a Nash flow for [Paths ave and [max By



12 A. Baltz et al.

Cor. Ml we have SC(f) = (ZiG[N] (r+ R)T) +(r+R)R=Nr(r+R)+(r+R)R.

For comparison, take J?as the flow in which all players from classes 1 to N stick
to the &-links, but all players from class N +1 take the links with constant latency

r+R. We then have (for [Paths ave and [max) SC(f) = (Eie[N] - r) +(r+R)R =
Nr2 + (r + R)R. Hence, the price of anarchy is at least

> Nr(r+R)+ (r+ R)R

IT,R,N
) N2+ (r+R)R

p( (5)

Since the term from (B) tends to 1+ }f as N — oo, the claim follows. O

3.2 Duplication Flows and [Paths

Theorem 3. There are examples of selfish multicast routing instances with du-
plication flows using [P*" and latency functions that are polynomials of degree
< p (with non-negative coefficients)where the price of anarchy is at least vP.

Proof. Consider the instance in Fig. 2l We are given one player class with k
terminals ¢, ..., t*. The demand is 1. Note that in this example, v = k. The
latency functions on the links on the upper path are identically 0, and these
links may be used in any direction. The links of the form (s,#/) all have latency
function £ — &P for a fixed p.

A Nash equilibrium f is achieved if all players use the tree consisting of the
edges (s,t1),...,(s,t*). This flow has social cost SC(f) = k.

Now, a better flow fis given as follows. For every j € [k] let a fraction of i
users ‘inject’ their flow into the upper path via the edge (s,#’). Each of these
strategies has latency kklp = k'~P, because the edge (s,#’) has congestion ]19 and
hence a latency of klp, and this edge is contained in k paths. Because there are
k such strategies, each of them carrying i units of flow, we have a social cost

of SC(f) = kklfp,i = k'~P. Hence the price of anarchy p of this instance is at
least p > 222% = kkP~1 = kP, O

o2 8 7 (& =0 - th=1 ¢k

Fig. 2. The links in the upper path can be used in both directions and have latency 0

In Thm. [[ we will see that the same instance for conservation flows (and [P3ths)
has a price of anarchy bounded by O(p). So, we have an exponential increase
in the price of anarchy when we switch to duplication. This is due to the much
better optimum which takes advantage of duplication. However, the v bound
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from Thm. [3 says that due to uncoordinated behavior of the players, the benefit
of duplication is completely neglected.

Summarizing, we considered the cases of conservation flows and [Paths ave or
™2 duplication flows and [Paths ave op [max and duplication flows and [Pths,
For these cases, the price of anarchy — even from a worst-case point of view
— is dependent on the network topology and the set of strategies, i.e., we can
construct instances with arbitrarily high prices of anarchy for some fixed class
of latency functions.

3.3 Upper Bounds for Polynomial Latency Functions

We consider the following two cases: a) conservation flows and [°48°5_ b) duplica-
tion flows and [P2*hs. We also restrict ourselves to polynomial latency functions
with non-negative coefficients, i.e.,

P
=> Xy Ve€cE VEeRy , (6)
=0
where A ; € R>g for all e and j. The following holds for case a) as well as b).

Proposition 2. Let f, f be flows. Then

Do le(fe)fe <P Y el fe) fe + 2 el

ecE ecE eGE

Conservation Flows and 1°98°, We first prove an upper bound on the total
latency 3 . le(fe) fe, which holds for any kind of latency functions. The proofs
will be given in a full version of this paper.

Lemma 1. For every flow f we have ) . ple(fe)fe <v-SC(f).
The proof of the following theorem uses methods from [4, Th. 2.1.].

Theorem 4. Let T be an instance of selfish multicast routing using conservation

flows, 1°%9¢% and polynomial latency functions of degree at most p and non-
1

negative coefficients on the edges. Then p(Z) < (p+ 1)”er .

Proof. Let f be a Nash equilibrium and ]?some flow. By Thm. [ we get

SC(f) < SCH() = DI (NFS) =D D L(fo)]

Se6 SEG ec E(S)
= Z Z le(fe)f(s) = Z le(fe) Z V*f(S)
e€E SeG(e) ecE 5’66(6)

L) Y de ) = L ST,

eck Se6(e) ecE

IN
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By Prop. 2 and Lem. [I] we get

Vl* Z le(fe)fe < Vl* 2 Z le(fe)fe + Vl* (p fl)l/ Z le(fe)fe

eckE eckE ecE

1 » ~ ~ p VP+1 . P
< v eze:le(fe)1”6+ (ot 1 D le(fo)fe < L SC(f)+p+1SC(f) ,

eckE
pptl - SC(f yp+1

1 (f)
It follows that SC < SC(f), hence < (p+1 . The
pi 15U = ST hemee Sl < ()"

claim follows by using an optimal flow as f a

For linear latency functions, i.e., p = 1, we can along similar lines show a slightly

2
better bound of g . Z*'
Duplication Flows and IP2tPs, In a similar way as in the previous section,
23] we can prove for duplication flows and [Pths:

Lemma 2. For every flow f we have v* 3" . ple(fe)fe < SC(f).

Theorem 5. Let Z be an instance of selfish multicast routing using duplication
flows, 1P%hs and polynomial latency functions of degree at most p and non-
negative coefficients on the edges. Then p(I) < (p+1)""1

v*

4 Price of Anarchy Independ. of the Network Topology

The proofs in this section are based on identifying the given multicast game
with a non-atomic congestion game with separable latencies (separable NCG for
short). These games are well studied [2]. We first describe known results on such
games, and their connection to our multicast game.

4.1 Non-atomic Congestion Games with Separable Latencies

A separable NCG is defined similar to our multicast game, however, there is no
graph required. We are simply given a set E of elements. Each of the elements has
a latency function l.. A strategy is a subset of E. By &(e) we denote all strategies
containing element e. Crucial for a NCG are its definitions of congestion and
strategy latency. For each e € E and S € & let a.s be some non-negative real

number. For a given flow, the congestion of an edge e resp. latency of a strategy
S is defined by

fe = Z aeSf(S) , Iresp. lS(f) ::Zaesle(fe) .

Se&(e) ecsS

Nash equilibria, social cost and price of anarchy are defined as in our multicast
games. An important point is that the factors a.s appear both in congestion
and in strategy latency. This allows us [2, Prop. 2.8] to write the social cost as

SC(f) = ZeEE le(fe)fe-
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Remark 2. Comparing this to multicast games with duplication flows and [P¥ths,
we note that they do not have this kind of symmetry. Instead, they carry factors
like the a.g (the consumptions, in fact), but only in the definition of strategy
latency. These factors do not appear in the congestion. As we have seen in Sect.
B2 the lack of such a symmetry can lead to high prices of anarchy, that may
even depend on the network topology. Other variants, like conservation flows
and [°48° have the consumption as a factor in the congestion, but not in the
strategy. Having high factors in the strategy and relatively small factors in the
congestion means that players choosing that strategy suffer highly under a high
congestions on this edge, but do not contribute much to that congestion. This
can happen in multicast with duplication flows and P*hS with respect to edges
that serve many terminals (in the chosen strategy).

On the other hand, high factors in the congestion but only relatively small
factors in the strategy latency means that although the players on this strategy
induce a high utilization on a link, they are not charged accordingly. This can
happen in multicast with conservation flows and 1°98° with respect to edges that
serve many terminals (in the chosen strategy).

These observations give rise to the question about a new, more general class
of congestion games, in which we have different factors in the strategy latencies
and the congestion.

The price of anarchy for a separable NCG with standard latency functions is
well understood [2]. Let £ be a class of standard latency functions that contains
at least one non-zero function. We call such a class also standard. Note, that
we will always assume that our multicast games have at least one link with a
non-zero latency function. Hence, if we consider the class of all latency functions
for a given instance, this class is automatically standard. Now, it is easy to see
that for each I € £ there exists 3, : R>g — R such that I*(5;(§)) = I(§) for
all £ € Rxg, where [*(§) := I'(§)€ + 1(§). The anarchy value of L [2, Def. 4.3],
see also [I, Def. 3.3.2], is

1(§)¢

all) = sup .

01ec, €50, 1(6)>0 L(E)E + U(BI(E))Bi(§) — 1(§)Bi(E)

The amazing property of separable NCGs with latency functions from a stan-
dard class £ is that their price of anarchy can be upper-bounded in terms «(L)
— a parameter that is independent of the structure of &.

Theorem 6 (Roughgarden, Tardos [2]). Let I" be a separable NCG with
latency functions from a standard class L. Then p(I") < a(L).

For polynomial latency functions the anarchy values are well-known.

Corollary 2 (J2]). Let I' be a separable NCG with latency functions that are
polynomials of degree at most p with non-negative coefficients. Then
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p(I) < (1= p(p+1)~+0/p) 7

For linear latency functions, i.e., if p =1, the quantity on the right hand side is
g. For p — oo, it is @(lfp), yielding a rough bound of O(p).

The bound in Thm. [6lis tight in the following sense: let £ be a standard class
containing the constant functiondd. Then we can find for every € > (, a separable
NCG I with latency functions from £ and p(I") > a(L) — e. This means that
— from a worst-case point of view — the price of anarchy in separable NCGs is
independent of the strategy structure and the demands.

4.2 Duplication Flows and [°98°S, Conservation Flows and [P2ths

Theorem 7. Let L be standard. Let T be an instance of selfish multicast routing
with latency functions from L, then we have p(Z) < a(L) if we consider a)
duplication flows and use 1°99°, or b) conservation flows and use [P*hs.

Proof. We only consider case a), i.e., duplication flows and strategy latencies
jedges  and refer to the full version for the second case. The first case can be
modeled as a separable NCG as follows: we take the links in E as elements and
as latency functions for the elements we take the latency functions of the links.
A strategy S is identified with E(S), so that it can be seen as a subset of the
set of elements. For all e € F and S € G set

1 ifee E(S)
QAes ‘—
0 otherwise.

It is straightforward to see that this NCG is exactly the multicast game. ad

4.3 Equal Consumptions

We know that in the unicast case v = 1 = v*. We now relax this condition to
the following.
cle,S)=c(e,T) VYee E VST¢eS(e) . (#)

We call () the equal consumption condition. Under this condition, we have the
following theorem. The proof of this is based on the same idea as the ones in
the previous section (although it requires some more steps) and has hence been
deferred to the full version of this paper.

Theorem 8. Let L be standard. Let T be an instance of selfish multicast routing
with latency functions from L. Then p(Z) < (L), if we have the equal consump-
tion condition and either a) conservation flows and use 1°49°%, or b) duplication
flows and use 1P¥s,

3 This requirement can even be relaxed; see [2] for details.
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An important observation is the following. Reconsider the example in Fig. 2l with
k = 2. Then, the equal consumption condition is violated for some links by the
minimum possible amount, i.e., by 1. As we have seen in Sect. [3.2] this already
may cause an exponential jump in the price of anarchy. If the equal consumption
condition was true, we would have a price of anarchy of O(p). But instead we
have 2(27).

5 Future Work

Price of Anarchy. We considered the price of anarchy for several variants of
selfish multicast routing and pointed out some cases where the price of anarchy
depends on the network topology. For most of these cases, we have lower bounds.
We have also upper bounds for polynomial latency functions in two cases. An
ongoing effort is to find upper bounds for other variants and more general la-
tency functions and to tighten the existing bounds. We are also interested in
establishing bicriteria bounds like in [I Sec. 3.6].

Taxation. In unicast routing, taxation schemes have shown to be effective in
reducing the price of anarchy [6l7]. These schemes make heavy use of the fact
that in unicast routing, Nash equilibria are essentially unique, i.e., that all Nash
equilibria have the same social cost. Under this assumption, they carry over to
some variants of multicast, e.g., to [P**h with duplication flows. However, this
uniqueness assumption is not always true. For example, consider the example
from Thm. Bl with v = k = 2. Then the flow f, which is much better than the
equilibrium f, can easily be recognized as an equilibrium as well. This is the
reason why the known LP-based taxation schemes fail for this instance. More
work will be required to find new schemes.

Another question is how high the taxes will be, e.g., for instances like above
with an exponential price of anarchy. Numerical results show that despite differ-
ent expectations the taxes tend to zero as the price of anarchy grows (exponen-
tially). It would be very interesting to find rigorous proofs for this.

Algorithmic Aspects. Unicast Nash equilibria can be computed efficiently
by solving a convex optimization problem. This approach fails for certain vari-
ants of multicast, e.g., for [P#*"S and duplication flows. Can new efficient algo-
rithms be established, e.g., based on known numerical methods for variational
inequalities?

Other Models. Finally, we intend to leave the Wardrop model, which assumes
an infinite number of players, and turn towards a finite number of players, as
in the well-known KP-model [8]. For unicast routing on general topologies, ap-
proaches in that direction have been made recently [9]. Another aim is a further
study of the generalized congestion games mentioned in Remark
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6 Summary Table

Table 1. Summary of some of our results. Given are bounds on the worst-case price of
anarchy for different variants of multicast and latency functions being polynomials of
degree p with non-negative coefficients. A ‘u’ marks an upper bound, and an ‘I’ marks
a lower bound. The ‘top. cond.’ refers to the equal consumption condition.

ledges lpaths lpaths avg max
ogl’ji forp=1 (u) \
o e forp=1 (u&l) Q(f) Q(?)
cons. » (p+1)"%! (w) )
* () (u&l) @ M
°O(,y,) (top. cond.) (u&l)
O§Zi forp=1 (u)
og forp=1 (u&l) .(p+1)"zrl (u) -Q(I;) Q(?)
dupl.
* () (u & 1) ° Q(1P) (1) M M
°O(,;,) (top. cond.) (u&l)
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Abstract. Let a communication network be modelled by a directed
graph G = (V, E) of n nodes and m edges, and assume that each edge is
owned by a selfish agent, which privately holds a pair of values associated
with the edge, namely its cost and its length. In this paper we analyze
the problem of designing a truthful mechanism for computing a spanning
arborescence of G rooted at a fixed node r € V having minimum cost (as
computed w.r.t.the cost function) among all the spanning arborescences
rooted at r which satisfy the following constraint: for each node, the dis-
tance from r (as computed w.r.t.the length function) must not exceed a
fixed bound associated with the node. First, we prove that the problem
is hard to approximate within better than a logarithmic factor, unless
NP admits slightly superpolynomial time algorithms. Then, we provide
a truthful single-minded mechanism for the problem, which guarantees
an approximation factor of (1 +¢)(n — 1), for any € > 0.

Keywords: Multi-parameter Agents, Algorithmic Mechanism Design,
Bicriteria Network Design, Truthful Single-Minded Mechanisms.

1 Introduction

In a non-cooperative game [12] there are several independent agents that have
to work together in order to produce an output specification which optimizes a
global objective function. However, each agent has its own wvaluation function
with respect to a given output, and may speculate in the hope of getting a
higher profit. This potentially could lead to economically suboptimal resource
allocation and is therefore undesirable. Since the agents are supposed to respond
to economic incentives, the main objective of mechanism design theory is exactly
that of studying how to remunerate the agents in order to let them cooperate
with the solving algorithm. A mechanism is a pair M = {(g(-), p(-)), where g()
is an algorithm computing a solution, and p(-) specifies the payments provided
to the agents. Informally, a mechanism is truthful if its payments guarantee
that agents are not stimulated to lie. Then, the problem of combining the game
theoretic concept of designing a truthful mechanism, and the computational
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complexity requirement of designing an efficient algorithm, is exactly the topic
of the algorithmic mechanism design (AMD) for selfish agents.

In their seminal paper concerned with AMD [11]], Nisan and Ronen addressed
the classic shortest path problem. This problem enjoys the property of being
utilitarian, in that the quality of any feasible output can be measured by simply
summing up all the agents’ valuations. For utilitarian problems, there exists a
well-known class of truthful mechanisms, i.e., the Vickrey-Clarke-Groves (VCG)
mechanisms [I5I35], and therefore the shortest path problem can be solved op-
timally. Another well-known class of truthful mechanisms is the class of one-
parameter mechanisms [I]. Informally, a one-parameter mechanism applies to
mechanism design problems where the information held by each agent can be
expressed by a single parameter. By exploiting the results in [IT/I], in a sequel
of papers efficient truthful mechanisms have been designed for solving several
network design problems [6I79I14].

In this paper, given a directed graph G = (V, E) with n nodes and m edges,
and with two different functions ¢(-) and I(-) mapping edges to positive real num-
bers, we focus on the problem of designing a network topology balancing total
cost and distances from a given source node, called Minimum-cost Arborescence
with Bounded Delay (MABD), which will be defined in more detail in the next
section. For this bicriteria problem, we provide the following main results:

— first, we show that the problem of finding a MABD of G has no polynomial
time k - In n-approximation algorithm, for some constant x > 0, unless NP
admits slightly superpolynomial time algorithms;

— then, under the assumption that each edge of G is owned by a self-

. . 4

ish agent, we provide an O (ﬂ?&q -log 1Og(7f+€) -log \/H"Eil -log 27\71%)
time approximated truthful mechanism, with a performance guarantee of
(I+¢)(n—1), for any € > 0.

Notice that the problem we consider cannot be tackled through a one-
parameter mechanism, since we allow agents to hold two values, namely the
cost and the length of an edge. Rather, as we will see later, our mechanism de-
sign problem naturally falls within a generalization of the so-called single-minded
mechanisms (see Section 2.2 for a formal definition). These were originally intro-
duced by Lehmann et al. [10] in the framework of combinatorial auctions, and
then were extended by Briest et al. [2] to handle a wider class of optimization
problems. In particular, in [2] the authors sketched the existence of approximate
truthful mechanisms for two classic bicriteria network design problems, namely
the constrained shortest path problem (see Section 2] for a definition of the
problem) and the constrained minimum spanning tree problem.

The paper is organized as follows: in Section 2 we give the definition of the
problem and recall some basic notions from the mechanism design theory; in
Section 3 we present an inapproximability results for the MABD problem, while
in Section 4 we provide an approximate monotone algorithm for it; finally, in
Section 5 we design an approximate truthful mechanism for the MABD problem.
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2 Preliminaries

Let G = (V, E) be a directed graph, with n nodes and m edges, and with two
different functions c(e) and [(e) mapping edges to positive real numbers. We will
call c(e) the cost of e, and i(e) the length of e. A graph H = (V(H), E(H)) is
called a subgraph of G if V(H) CV and E(H) C E. If V(H) =V then H is
called a spanning subgraph of G. A (directed) simple path P (or a path for short)
from v; to vy in G is a subgraph with V(P) = {vi,..., v, | v; #v; for i# j}
and E(P) = {e; = (vi,viz1) | 1 < i < k}, and it is denoted by (v1,...,vg).
Given a node r € V| a spanning arborescence of G is a spanning tree of G rooted
at r and having all the edges oriented towards the leaves. Given a source node r
and a destination node s, a path in G from r to s is a shortest path, say Pg(r, s),
if the sum of its edge lengths (called distance between r and s in G, and denoted
by dg(r,s)) is minimum. We define the total cost of a spanning subgraph H of
G as c(H) =} cpm) cle). Finally, for each edge e € E, we denote by G — e the

graph (V, E'\ {e}).

2.1 The MABD Problem

We are interested in finding a spanning tree structure balancing total cost and
distances from a given source node. Several problems can be defined according to
this goal. In this paper, we will focus on the following problem: Given a source
node r € V, and given a positive real budget value L, for each node v € V,
the Minimum-cost Arborescence with Bounded Delay (MABD) problem asks for
computing a cheapest (i.e., of minimum total cost) spanning arborescence T of G
rooted at r which satisfies the constraint that for each node v € V, the distance
from r to v in T is at most L,, i.e., dp(r,v) < L,,.

A problem related to the MABD one is the constrained shortest path problem,
in which one looks for a cheapest path from a source node r to a destination node
s among all paths of length L or less. Such problem is known to be (weakly) NP-
hard, and it admits a pseudo-polynomial time algorithm, which is transformed
by scaling techniques to a fully polynomial time approximation scheme (FPTAS)
for the problem [13I8]. Moreover, in [2] it is shown how to make the algorithm
in [I3] monotone, which is needed to design a truthful mechanism for the same
problem (see next section for the definition of monotonicity).

2.2 A Non-cooperative Setting: Monotonicity and Truthfulness

Algorithmic mechanism design deals with algorithmic problems in a non-
cooperative setting, in which part of the input is owned by selfish agents. As
such agents may lie about their parts of input, they are capable of manipulating
the algorithm. The main task of the mechanism design theory is the study of
how to pay the agents in order to convince them to cooperate with the algo-
rithm. We will deal with the case in which each agent controls a single link of a
communication network modelled by a directed graph G = (V, E). We provide
a simplified formalization below, and we refer the interested reader to [T1U].
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For an edge e of G owned by a selfish agent a., we denote by é(e) and [(e) the
private information held by a. w.r.t. the cost and the length of e, respectively.
Intuitively, é(e) and [(e) represents the true cost and the true delay of forwarding
a message through the link e, respectively. We call t. = (é(e),(e)) the (private)
type of the agent a.. Fach agent has to declare a (public) bid b = {(c(e),(e))
to the mechanism. We will denote by ¢ the vector of private types, and by b the
vector of bids.

For a given optimization problem defined on G, let F denote the corresponding
set, of feasible solutions. For each feasible solution z € F, some measure function
wu(x,t) is defined, which depends on the true types. A mechanism is a pair
M = (g(b),p(b)), where g(b) is an algorithm that, given agents’ bids, computes
a solution, and p(b) is a scheme which describes the payments provided to the
agents. A mechanism has a runtime of O(f(n)) if g(-) and p(-) are computable
in O(f(n)) time. For each solution x and for each agent a., it is defined a public
valuation function v (z,t.), which represents the expense incurred by a. in x.
The wutility function u.(g(b),t.) of an agent is defined as the difference between
the payment provided by the mechanism and its valuation w.r.t. the computed
solution. Each agent tries to maximize its utility, while an ezact mechanism aims
to compute a solution which optimizes p(z,t), but of course it does not know ¢
directly. Similarly, if we denote by e(n) a positive real function of the input size n,
an e(n)-approzimation mechanism returns a solution g(b) whose measure comes
within a factor e(n) from the optimum. In a truthful mechanism the tension
between the agents and the system is resolved, since each agent maximizes its
utility when it declares its type, regardless of what the other agents do.

We are going to deal with a special type of agents called single-minded, as
defined by Lehmann et al. [I0] in the framework of combinatorial auctions, and
lately extended by Briest et al. [2] in order to handle a wider class of optimization
problems. Informally, a single-minded agent is able to offer only a single contri-
bution to a solution (possibly defined by multiple parameters). Concerning our
problem, the algorithm of the mechanism computes a weighted arborescence T,
and the single contribution of an agent is exactly the two-parameter edge owned
by the agent. The definition of the valuation function of our single-minded agent
ae thus reduces to that given in [2]

éle) ifee E(T) and I(e) > I(e)
ve(T,t.) = { 400 if e € E(T) and I(e) < I(e)
0 otherwise.

3
3

! To be more precise, the authors in [2] gave the formal definition of a generalized
single-minded agent by focusing on maximization problems, which is slightly different
from the one concerning minimization problems. However, they also considered some
minimization problems, for which it is easy to see that the corresponding valuation
functions are implicitly defined exactly as in our case (see for example the constrained
shortest path problem discussed in [2]).



Designing a Truthful Mechanism 23

The idea behind the above valuation function is the following: a selected agent
can forward a message in time strictly less than f(e) only by incurring a very
large cost, while otherwise its cost is equal to é(e).

Notice that our problem enjoys the property of being wutilitarian, since our
measure function satisfies p(z,t) = > g ve(w, tc). For utilitarian problems with
single-minded agents, a sufficient condition for truthfulness is given by a partic-
ular property of the mechanism algorithm. Let b_. denote the vector of all bids
besides b., while let (b_., b.) denote the vector b.

Definition 1 ([1042]). An algorithm is said to be monotone if for each bid vec-
tor b, whenever it selects an edge e in b, it still selectse inb = (b_., (' (e),l'(e))),
for any c'(e) < c(e) and '(e) < l(e); or, equivalently, if for each non-selected
edge e in b, e is still non-selected in b/ = (b_., {(c'(e),l'(e))), for any ' (e) > c(e)
and l'(e) > (e).

If we fix b_. and [(e), a monotone algorithm defines a threshold value . such
that if a. bids no more than 6., then e will be selected, while if a. bids above
0., then e will not be selected. Therefore, the following general result holds:

Theorem 1 ([1042]). Let M = (g(-),p(-)) be a mechanism for some utilitarian
problem with single-minded agents. Then M is truthful if and only if g(-) is
monotone and the payment for each agent e is defined as its threshold value 6,
if it owns a selected edge, and 0 otherwise.

3 The Hardness Result

Our non-approximability result for the MABD problem is obtained by a re-
duction (preserving the approximation) from the Set Cover Problem (SCP). An
instance I = (0, S) for the SCP consists of a set O = {o1,...,05,} of h objects,
and aset S = {S1,...,S¢} of £ subsets of O. The objective is to find a minimum-
size collection of subsets in S whose union is O. In [4] it is shown that SCP cannot
be approximated within (1 — o(1))In h, unless NP C DTIME(hCUoglog ) The
same result holds even for the case ¢ < h [4]. The following holds:

Lemma 1. Let L > 0 be an integer. Then, the MABD problem has no poly-
nomial time approrimation algorithm with a performance guarantee better than

(1—0(1))In",?, where n > L + 2, unless NP C DTIME ((Z)O(loglog 2))) even

for the unit length case and when the maximum delay is L for every edge.

Proof. Let I = (O, S) be an instance for the SCP with ¢ < h, and h such that
L < h* for some integer k. From I we build an instance Z = (D, c,l,r, L) for
the MABD problem in the following way (see Figure [I). The node set of G is
defined as follows:

— a node r, which is the source;
— | L/2] nodes si, ..., SiLL/zjv for each S; € S;
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I U{L/2J—1
j
UlL/2)

Fig. 1. The reduction of Lemma [l when L is odd. Undirected edges denote the two
corresponding directed ones. Note that here o; belongs to S;, but o; does not belong
to Si"

— |L/2] nodes v], ..., U{L/2J, for each o; € O;
— a node p only if L is odd.

The edge set of G is defined as follows:

— an edge (r,s%) of cost 1, for each S; € S;
2(1L/2] —1) edges (8k7sk+1) and (8k+17sk) k=1,...,([L/2] —1), of cost

0, for each S; € S;

- (LL/ZJ —1) edges (vk7vk+1) and (ka,vk) k=1,...,([L/2] —1), of cost
0, for each 0; € O; _

— two edges (siLL/QJ ,v1) and (vf, SiL/2J) of cost 0, for each S; and o; such that
0j S Si; )

— two edges (SZLL/2J’8]LL/2J) and ( LL/2J’ LL/2J) of cost 0, for each S;, S; € S,

if L is even, and four edges (s LL/Qj,p) (s LL/2J’p) (p,sLL/QJ) and (p, s LL/2J)
of cost 0, for each S;, S; € S, if L is odd.

Every edge has length 1 and the distance requirement is L for each node. We
claim that G has an arborescence with maximum delay L of cost k if and only
if the original instance of the SCP has a solution of size k.

It is easy to see that a solution C for the SCP instance provides a solution
for 7 with the same total cost. Indeed, the feasible solution is given by the
arborescence T' defined as follows:

— begin with H = (V(G), 0)
— for each set S; € C, H contains the path (n sosho.., Si[L/zJ)’ and all the

paths (SZLL/2J70{’”%7""”{L/2J)7 for each o; € S;
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— for each set S ¢ C, H contains either the path
(SZLL/QJ’SJLL/QJaSJLL/QJ_1’-~-’3]1) if L is even, or the path

(SZ'LL/QJ,p, S]LL/QJ,S]LL/QJ_l,...,S]l> if L is odd, where S; € C.
— Let T be a shortest path tredd of H.

Now, let T" be a solution for Z of cost k < £ (notice that such a solution always
exists). Since T has maximum delay L, it is not hard to see that for each U]L L/2)>

T must have a path (r,sﬁ,sé,...,siL/2J,v{,vg,...,U{L/QJ), for some S; € S

such that o; € S;. Hence, C = {S; € S | (r,s}) € E(T)} is a solution for Z of
size no more than the total cost of T'. Since £ < h, the number of nodes n is at
most 2| L/2|h + 2. The claim now follows from the inapproximability result for
the SCP proved in [4]. O

4 An Approximate Monotone Algorithm

The algorithm computes a set IT = {m, : v € V' \ {r}} of “light” paths, meaning
that m, is a (1 + &)-approximation of a cheapest path of length at most L,, for
any & > 0. Then, it considers the subgraph H of G consisting of the union of all
these paths. As H may have cycles, then the algorithm needs to remove edges
from H so that a feasible arborescence T' of G is returned.

We point out that the removal step (Lines 5-7) must be defined in order to
guarantee both the monotonicity property and the feasibility of the solution.
For instance, computing a shortest path tree of H yields to a non-monotone
algorithm. In the pseudo-code given below, we use the following notation. For
each node v, we define a measure J(v) as follows:

dw)= min  {I(mwy[r,v])},
Tyt VEV (my,)
where by m,[r,v] we denote the subpath of m, going from r to v, while
Umu[r,v]) = X cep(ra o)) L(€)- Moreover for each node v, we define the winning
path w5 in II a
wo=arg_min - {l(m o))
and the winning edge e} to be the edge (u,v) of 7.

Finally, as we are interested in monotone algorithms, we use the monotone
FPTAS for the constrained shortest path problem provided in [2] for computing
each path 7, in Line 2. We denote by A such algorithm.

2 A shortest path tree is a tree consisting of the union of all the shortest paths from r
to every other node.

3 Notice that the winning path may not be unique. Since we need our algorithm to
be monotone, we can say the winning path is unique as we can assume that nodes
are labelled with different integers, and hence in a case of a tie, the winning path is
the one whose ending node has the lowest label. Notice that this selection rule has
the nice property of being monotone. As a consequences, we may assume that the
winning edge is unique as well.
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Algorithm 1

Input: G = (V,E,c,l),r €V, L= (Lyy,..., Ly, ,), Lv, ERT £>0.
Output: an arborescence T of G rooted at r.
1: for each v € V do

2:  find a (1 + &)-apx 7, of a cheapest path from 7 to v with I(7y) < Ly;
3: end for

4: Let T be the digraph made up of the union of all edges in 7, Vv € V
5: for each v € V' \ {r} do

6: remove all edges in T entering in v but the winning one e;,

7: end for

8: return T’

Lemma 2. Algorithm [0 returns an arborescence of G.

Proof. At the end of the algorithm each node in T" but r has in-degree 1. Hence,
to prove that T' is an arborescence rooted at r, it remains to show that there is
a path in T from r to every other node v.

Let vo =7, v1, ..., vp—1 be the nodes ordered by measure §(-). The proof is
by induction on i. The basic case is ¢ = 0, which is trivial. Let ¢ > 0, and suppose
that every v; is reachable in T from r, j < i. Let v; be the (i +1)-th node in the
ordering. Let (v,v;) be the winning edge for v;. Since I(7};, [r,v]) < I(7}, [, vi]),
and since d(v) < I(m; [r,v]), it follows that v comes first than v; in the ordering.
Then, by the inductive hypothesis, v is reachable, and since the winning edge is
(v, v;), then v; is also reachable, from which the claim follows. O

Lemma 3. Algorithm [ returns a feasible solution.

Proof. We prove that, at the end of the algorithm, dr(r,v) < 6(v),Vv € V. The
lemma will follow from the fact that §(v) < L, for every v.

The proof is by induction on the number of edges of the path Pr(r,v). The
basic case is v = r, which is trivial. Now, consider the case in which Pr(r,v)
consists of k > 0 edges, and assume that for every node u for which Pp(r,u) is
made up of h < k edges, it holds dr(r,u) < §(u). Let (v',v) be the winning edge
for v. Since Pr(r,v’) has less than k edges, then by the inductive hypothesis, we
have dr(r,v") < §(v"), and thus

dr(r,v) = dp(r, ') +1(v,v) <5 + 10, 0) < Urkr,o']) + 10, v) = §(v).
O

Lemma 4. Algorithm [ returns a (1 + £)(n — 1)-approzimated solution for the
MABD problem.

Proof. Let T be an optimal solution for the problem. For each node v € V'\ {r},
the path Pr(r,v) has length at most L,. Since each m, is a (1+¢)-approximation
solution of an optimal low cost path from r to v of length at most L,,, we have

c(my) < (1+8) e(Pr(r,v)).
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Hence

T)< Y em)< Y (1+&c(Pr(rv) < (1+&)(n—1)¢(T).

veV\{r} veV\{r}

Lemma 5. Algorithm [ is monotone.

Proof. Let b be the vector of agents’ bids, and let e = (v, v) be a selected edge in
b. Moreover, let ¢/(e) < c(e) and I'(e) < I(e). We have to show that the algorithm
will still select the edge e in V' = (b_, (¢'(e),1'(e))).

Let v be the node for which e is the winning edge. Let IT(b) be the set of paths
selected by the algorithm in Lines 1-3 when the input is b, and let IT./(b) C II1(b)
be the subset of paths passing through e’, where ¢’ is an edge entering in v. From
the monotonicity of algorithm A, we have that II.(b') D II.(b) and I (b') C
I, (b), for any edge e’ # e entering in v. This shows that the winning path for
the node v in b must belong to IT.(b'), and thus e will be still selected. O

Theorem 2. For any £ > 0, there exists a (1+£)(n—1)-approximate monotone

algorithm for the MABD problem, running in O ("2"3 log "; log 12) time.

Proof. Approximation ratio and monotonicity follows from Lemma [ and from
Lemma [l Concerning the time complexity, A runs in O (mgnz log "; log 125)
time [2], while the rest is bounded by O(n?). The claim follows. O

5 An Approximate Truthful Mechanism

Our goal is to design a mechanism that satisfies the following conditions: (i) the
selection rule defined by g(+) is monotone; (ii) the solution returned by g(-) is a
(1+¢)(n —1)-approximation of the optimal solution, for any ¢ > 0; and (iii) g(-)
and p(-) are computable in polynomial time. These three questions are addressed
in the following subsections.

5.1 The Algorithm of the Mechanism

Our main idea is to apply rounding on the costs as this simplifies the computation
of the payments. Given the vector of bids b and £ > 0, we round the costs of the
edges as follows.

For each e € E, the rounded cost cr(e) of e, is defined as cr(e) = (1 + &)F,
where k € Z is the (unique) integer such that (1 +&)*~! < c(e) < (1 +€)*, and
E=V1+e—1.

Next, we use Algorithm [[lto compute a (14 &)-approximation of the optimum
solution for the MABD w.r.t. the rounded costs. The following holds:

Lemma 6. The algorithm of the mechanism defined above is monotone.
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Proof. For any edge e, c(e) < ¢'(e) implies cr(e) < cz(e). Now the claim follows
from the monotonicity of Algorithm [Il (see Lemma [H). O

Let b be the vector of bids, and let 7 be an optimum solution of the original
instance (without rounded costs). The following lemma holds:

Lemma 7. Let T be the solution returned by the algorithm on the instance with
rounded costs. Then ¢(T) < (1+¢)(n—1)¢(7).

Proof. Let 7z be an optimum solution of the instance with rounded costs. From
the optimality of 7, we have that cg(7g) < cr(7). By using Lemma [ we
obtain:

o(T) < cr(T) < (1+&)(n — 1) cr(Tr) < (1 +&)(n — 1) cr(T)
<A+ (n-1)e(T) = (1+e)(n—1)c(T),

where the last inequality holds because cr(e) < (14 &) ¢(e), for any edge e. O

5.2 The Payment Scheme

In this subsection we show how to compute the payments. We remind that from
Theorem [I] the payment for the edge e is defined as the threshold value (w.r.t.
the algorithm of our mechanism) 6. for each winning edge, and 0 otherwise.

Let e € m,, for some u. We define the threshold 6(e,w) of e w.r.t. m, as the min-
imum value such that if ¢(e) > 6(e, u) then e exits from m,,. Note that 6(e, u) must
exist from the monotonicity of .AE Consider the interval X = [cg(e), cr(F)], and
let k& be the integer such that cg(e) = (1 + £)*. We define a set of points in X
as follows:

=148 i=0,1,....

Then it must exist an index j such that if cg(e) = x;, then e is selected in 7,
while e does not belong to m, if c¢(e) = zj41. It is clear that 6(e,u) = z;. We
compute j by performing a binary search on the set of indexes and repeatedly
running A to check whether e is selected.

Now we show how to compute the payments 6. for each winning edge e. Let
e be a winning edge entering in v, and let II. C II be the set of paths in IT
containing e. We denote by 7,¢ the winning path for v in IT\II.. Let my,, ..., Ty,
be all the paths in I, ordered in a non-decreasing way w.r.t. the threshold values
(e, ;). For the sake of clarity, we will denote by I; the length of the path m,, [r, v]
and by {7¢ the length of the path 7 ¢[r,v].

Moreover, let ;¢ be the constrained shortest path from r to u; computed by
A in G — e with rounded costs. Finally, we define [; © as follows:

i

j—e _ I flr,v]) if m, ¢ passes through v;
00 otherwise.

4 As usual, we assume that there always exists an alternative feasible path from r to
u in G — e, otherwise e may declare any value.
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It is not hard to see that 6. = (e, u;), where i is the minimum index such that

min{l;y1,...,0n} > min{l7¢ 7% ..., 7}

5.3 Mechanism Runtime

In this subsection we prove that our mechanism can be computed in polynomial
time, and we finally provide our main result.

Lemma 8. All 0(e,u;) values can be computed in polynomial time.

Proof. We compute each 6(e,u;) by performing a binary search. Since the num-
ber of points is bounded by

= [logcr(e)| | |loger(E)|
log(1+¢&)  log(1+¢)
< 2max{ |logcr(e)|, |logcr(E)|}
- log(1+¢€) ’

[logy1+¢(cr(e))] + [logi ¢ (cr(E))

a binary search takes

O(log(max{log, ;¢ cr(e),log,.¢ cr(E)})) = O (10g 1og(1n+ 5)) ’

since max{log cg(e),logcgr(E)} is polynomial in n, for any reasonable encoding.
The time complexity of A is O (”2”2 log "; log " 5) [2]. Since we have to perform

O(n?) binary searches, one for each pair (e, ), such that e is a winning edge
and e € m,, the overall time complexity is

@) < mn' -log " -log " -log " )
Vite—1 log(1 +¢) Vid+e—1 2—1+¢
as&=+1+e—1. a
Lemma 9. All 0. values can be computed in polynomial time.
Proof. We repeatedly use A for computing every 7, ¢ (and every [; ) for each

winning edge e and for each u;. This takes O (\/1717;‘:1 -log \/H"Eil -log 27\71%)

time. It is easy to see that all other tasks can be accomplished in O(n?logn)
time. By Lemma [§ the claim follows. O

From Lemmas[H3 and from Theorems[Iland 2] we can finally state the following:

Theorem 3. Given any e > 0, there exists a (1 + €)(n — 1)-

approzimate truthful mechanism for the MABD problem, running in
4

@) (\/1717;71 -log log(?Jre) -log \/1«?571 - log 27\%%) time. O
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Abstract. This paper is devoted to study the combinatorial properties of Local
Minimum Spanning Trees (LMSTSs), a geometric structure that is attracting in-
creasing research interest in the wireless sensor networks community. Namely,
we study which topologies are allowed for a sensor network that uses, for sup-
porting connectivity, a local minimum spanning tree approach. First, we refine
the current definition of LMST realizability, focusing on the role of the power
of transmission (i.e., of the radius of the covered area). Second, we show simple
planar, connected, and triangle-free graphs with maximum degree 3 that cannot
be represented as an LMST. Third, we present several families of graphs that can
be represented as LMST's. Then, we show a relationship between planar graphs
and their representability as LMST's based on homeomorphism. Finally, we show
that the general problem of determining whether a graph is LMST representable
is NP-hard.

1 Introduction

A wireless sensor network consists of a collection of geographically distributed vertices
(sensors) that communicate with one another through a wireless medium. A wireless
sensor network can be modeled as a set of points in the plane where any sensor s can
communicate directly with each other sensor that is inside a region surrounding s that
represents its power range. Such a region is often modeled as a unit circle. This model
gives rise to a geometric graph called unit disk graph (UDG), where each sensor s is
a vertex of the graph and there is an edge connecting s to another sensor ¢ if and only
if ¢ is within the power range of s, i.e., ¢ is in the unit circle centered at s. However,
depending on the location of the sensors, the UDG may be too dense for the limited
memory of the sensors in the network; also, in order to reduce energy consumption, it
is desirable that each sensor communicates directly with only a few of the sensors that
are within its range. Indeed, topology control and management, i.e. how to maintain
the sensor network’s connectivity while consuming the limited transmission power, has
emerged to be one of the important issues in wireless networks (see, e.g., [10]).

An increasing number of topology control algorithms have thus been presented in the
literature that are based on geometric graphs which are sparser than the UDG and have

T. Erlebach (Ed.): CAAN 2006, LNCS 4235, pp. 31-4] 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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a number of additional interesting properties, such as having small vertex degree, or be-
ing good spanners, or having the longest edge relatively short, or being efficiently com-
putable in a distributed manner where each sensor s only knows the location of those
sensors that can be reached with a few hops from s. A limited list of these structures
includes k-localized Delaunay triangulations (see, e.g., [16]), local minimum span-
ning trees (see, e.g., [1443])), and partial Delaunay triangulations (see, e.g., [18]]). The
reader is also referred to the survey of Li [[15]] for definitions and more references. We
recall here that the knowledge of the combinatorial properties of the communication
network is a basic requirement for the design of efficient localized routing algorithms
(see, e.g., [TT2017]).

We also recall that the investigation of the combinatorial properties of geometric
graphs has a long tradition in the computational geometry and graph drawing commu-
nities (see, e.g., [2016/9013121]]).

The present paper is devoted to study the combinatorial properties of local minimum
spanning trees, a model that is attracting increasing research interest. We say that a
graph G is LMST drawable if it admits a straight-line drawing that is the local minimum
spanning tree of the set of its vertices. In [3U14] it has been proved that the maximum
vertex degree of an LMST drawable graph is at most 6, that an LMST drawable graph
is always planar, and that it is also connected if the underlying UDG is connected. This
paper shades more light on the family of LMST drawable graphs:

— We refine the definition of LMST drawable graph, focusing on the role of the radius
in the drawability of a graph.

— We show a simple planar, connected, and triangle-free graph with maximum de-
gree 3 that is not LMST drawable.

— We give several positive results on the LMST drawability of graphs. Namely, we
show that graphs that are homeomorphic to the orthogonal (hexagonal) grid, sub-
graphs of the orthogonal grid, and outerplanar graphs with maximum degree 4 and
whose dual is a path, are LMST drawable.

— We present a relationship between planar graphs and their drawability based on
homeomorphism that, as far as we know, is a novel concept. Namely, we show that
every n-vertex planar graph with maximum degree 5 has a homeomorphic planar
graph that is LMST drawable. Further, we show that for every n-vertex planar (out-
erplanar) graph G' with maximum degree 4 there exists a planar graph with O(n?)
(O(n)) vertices homeomorphic to G that is LMST drawable. Finally, we show that
there exists an n-vertex planar graph that does not have any homeomorphic planar
LMST drawable graph with less than {2(n) extra vertices.

— We show that the decision whether a graph is LMST™ drawable is NP-hard (the
definition of LMST™ is given in Section 2).

The rest of this paper is organized as follows. In Section [2] we introduce basic ter-
minology. In Section 3] we show several families of graphs that are LMST drawable
and a planar, connected, and triangle-free graph with maximum degree 3 that is not
LMST drawable. In Section ] we study the interplay between graph homeomorphism
and LMST drawability. The proof that the general LMST™ drawability problem is NP-
hard is given in Section[3 Finally, Section[ contains conclusions and open problems.
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2 Preliminaries

We assume familiarity with basic graph drawing concepts [5]]. A drawing of a graph is
planar if no two segments cross. A grid drawing is such that all its vertices have integer
coordinates. A straight-line drawing is such that all edges are rectilinear segments. A
polyline drawing is such that the edges are sequences of rectilinear segments. An Or-
thogonal drawing is such that every segment is horizontal or vertical. In an orthogonal
drawing the length of an edge is the number of grid points on it. Let I be a straight-line
grid drawing and consider the smallest rectangle with sides parallel to the z- and y-axes
that covers I' completely. We call such rectangle bounding box. The area of a drawing
is the number of grid points contained in its bounding box (including the border).

Let d(p1,p2) denote the Euclidean distance between two points p; and ps in the
plane. Let P be a set of distinct points in the plane; the minimum spanning tree of P,
MST(P), is a connected straight-line drawing of a tree that has P as vertex set and that
minimizes the total edge length. Notice that MST(P) is not uniquely defined, since
there can be several minimum spanning trees for the same set of points.

Given a radius 7 € R (called power of transmission or radius of visibility), the set
N,.(p) of neighbors of a point p € P is the set of points p’ € P such that d(p,p’) < r
and p # p’. The UDG (unit disk graph) of P is the graph that has a vertex for each
node in P and has an edge between p; and ps if po € N,.(p1), with p1,p2 € P. The
unit disk drawing UDD. (P) is such that there is a segment between two points p; and
po that belong to P if d(p1, p2) < r (see Fig.[Il (a-b)).

The local minimum spanning tree minus (plus) of P is defined as follows (see Fig.[]
(c-D)):

LMSTS(P) = {(p1,p2) € P x P : (p1,p2) € MST(Ny(p1)) " MST(N;(p2)) }

LMST, (P) = {(p1,p2) € P x P : (p1,p2) € MST(N,(p1)) UMST(N,(p2))}

Notice that LMST;(P) C LMST, (P) C UDD,(P). A consequence of the results
in [3U14] is that LMST;(P) and LM ST, (P) drawings are planar, have degree at most
6, do not contain any triangle, and if UDD,(P) is connected, then LMST;(P) and
LMST;F(P) are also connected. Note that, despite of their names, LMST;(P) and
LMST;F(P) may have cycles.

A graph G is LMST- (LMST™) drawableif there exists a set P of points in the plane
and a value r € R™ such that LMST;(P) (resp. LMST," (P)) is a drawing of G. We call
such a drawing LMST- (resp. LMST ™) drawing. Often, our results, and the motivations
for these results, are the same both considering LMST- or LMST™ drawability. In these
cases we will talk about LMST drawability and about LMST drawings.

In [3114] it has been shown that the maximum degree for a LMST drawable graph
is 6, and when it is 6 the LMST is not uniquely defined. In this paper we mainly con-
centrate on graphs with uniquely defined LMSTs, therefore in most cases we restrict to
graphs whose maximum degree is at most 5. However, the commonly adopted method
to deal with cases where the LMST is not uniquely determined, is to use tie-breaking
rules based on vertex identifiers. Hence, in the following, when we refer to cases where
LMSTs are not uniquely determined, we will specify a tie-breaking rule.
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Fig. 1. (a) A set P of points. (b) UDD,(P). (¢) MST(N,(u)). (d) MST(N,(v)). (¢) LMST;.
(f) LMST; (P).

We can refine the above definitions by focusing on the role of the radius in the LMST
drawings. Namely, we say that a graph is p-LMST drawable if the ratio between the
length of the shortest edge of the drawing and the selected radius is p.

3 LMST Drawable and Non-LMST Drawable Graphs

There is a simple counterexample that shows that it is not sufficient for a graph to be
planar, connected, and free of triangles to be LMST drawable.

Theorem 1. There exists a planar, connected, and triangle-free graph with maximum
degree 3 that is not LMST drawable.

Proof. Let G = (V, E) be the graph shown in Fig. 2l For the symmetry of the graph,
without loss of generality, we can assume the vertices 1, 2, 4, and 5 on the outer face (re-
fer again to Fig.[2). Now suppose you have an LMST; (P) drawing or an LMST;(P)
drawing I” preserving such embedding of GG, where P denotes the set of points where
the vertices of V' are mapped and 7 denotes the radius. Draw the segments 23 and 34.

5

Fig. 2. A planar, connected, and triangle-free graph with maximum degree 3 that is not LMST
drawable
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Angles 1/3\2, 1/371, 4/3\5, and 235 sum to 27, so one of them is greater than or equal to 7.

Let a3b be such angle, with a € {1,5} and b € {2,4}. Since in a triangle the longest
side is opposite to the largest angle, then ab > a3 and ab > b3. Hence, edge (a,b)
cannot be neither in MST(N,-(a)) nor in MST(N,.(b)) and so it cannot be in I, that is
a contradiction. So G is not LMST drawable. O

In the remainder of this section we present several classes of graphs that are LMST
drawable.

Theorem 2. All trees with maximumdegree 5 are 2i2 -LMST drawable.

Proof. From the result of Momma and Suri [19], we know that every tree T with max-
imum degree 5 can be drawn in the plane as the minimum spanning tree of its vertices.
Suppose you have such a drawing I" of T" on a point set P in the plane. If the radius of
visibility is larger than the maximum distance between two points in P, then for each
vertex v we have MST(N,(u)) = MST(P). This implies that LMSTTH_(P) is I.
Further, the construction in [19] is such that the ratio between the longest and the short-
est edge is 2, O

Lemma 1. The orthogonal gridis 1-LMST drawable.

Proof. Draw the orthogonal grid as usual (see Fig. 3| (a)). Let u be the minimum dis-
tance between two points of the grid and let H be the set of grid points. By setting the
radius of visibility r to a value such that u < r < uy/2, we obtain that everyp € H
has MST(N,-(p)) that is the subgraph of the grid induced by p and its neighbors. This

implies that LM ST;" /= (H) is the orthogonal grid. 0
Theorem 3. Every graph homeomorphic to the orthogonal grid is LMST drawable.

Proof. Suppose G is a graph homeomorphic to an orthogonal grid with n rows and m
columns. First, place the vertices of the (n x m) grid as described in Lemmal[ll Denote
by v; ; the vertex at row ¢ and column j, with 1 < ¢ < nand 1 < j < m. For each
vertex v; j, the sum ¢ + j may be even (even vertex) or odd (odd vertex). Each edge e
of the grid is incident to one even vertex and one odd vertex. When replacing e with a
path, the new vertices can be inserted closer to the even vertex than to the odd vertex.
It is easy to see (see Fig.[3] (b)) that the LMST of the obtained set of vertices is G. In
fact, dashed segments of Fig.[3|(b) are longer than the radius r, while dotted segments
are not part of the LMST since for each one of them, say e, there is an axis-parallel
alternative path whose segments are shorter than e. O

Lemma 2. The hexagonal gridis 1-LMST drawable.

Proof. Draw the hexagonal grid as usual (see Fig.[3(c)). Let u be the distance between
two points of the grid and let H be the set of grid points. By setting the radius of
visibility r to a value such that u < r < uv/3, we obtain that every p € H has
MST(N,(p)) that is the subgraph of the grid induced by p and its neighbors. This
implies that the LMST,/~ (H)) is the hexagonal grid. O
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(a) (b) (©

Fig.3. LMST drawings of grids. The thick lines show MST(N,(p)), for a grid point p. (a) The
orthogonal grid. (b) The construction used in the proof of Lemma[3l (c) The hexagonal grid.

Theorem 4. Every graph homeomorphic to the hexagonal grid graph is LMST
drawable.

Proof (sketch): Let G be a graph homeomorphic to an hexagonal grid. Draw the hexag-
onal grid as an LMST drawing (see Lemmal[2). It is easy to see that each edge can be
arbitrarily split with the insertion of new vertices producing a placement whose LMST
is G.

Theorem 5. All subgraphs of the orthogonal grid are LMST drawable.
For space reasons, we omit the proof and refer the interested reader to [4].

Theorem 6. Every n-vertex outerplanar graph whose dual is a path and whose maxi-
mumdegreeis at most 4 isLMST drawable.

Proof (sketch): Let GG be a n-vertex outerplanar graph whose maximum degree is 4 and
whose dual graph is a path P with s vertices. We call f; the face of G that is dual
to the i-th vertex of P. First, we remove from G all the vertices of degree two until
all the faces have exactly four vertices. Let G’ be the graph obtained. Draw the edge
between the two vertices of degree 2 in f;. Now we iteratively add a face that has an
edge (u1,us) already drawn, by drawing the vertices vy and vo, where edges (u1,v1),
(u2,v2), and (v1, v2) belong to G’. Figure[d shows the possible cases in adding the next
face, that differ one from the other depending on the degree of the vertices u1, u2, v1
and vy. Let the growth direction be the direction orthogonal to segment (u1,ug) of a
face. The choice of e = [ grants the difference between the growth direction of the
first face and that of the i-th face to be bound by 7/2.

We note that, by choosing parameter ¢ = [ , the growth direction of added faces
does not differ more than /2 with respect to the growth direction of the first face.
Furthermore, if we call [ the length of the first edge (u1,u2) of f1, it is possible to
preserve the same length for edges (u1, u2) of all the f;’s, for 1 < ¢ < s, as shown in
Figure[d! This gives us the possibility to choose a value for the radius equal to [ to obtain
that the constructed drawing is an LMST drawing. Now, we insert again the vertices
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Fig. 4. Drawing a face in a outerplanar graph whose dual is a path and whose maximum degree
is 4, while maintaining the LMST constraints. (a)—(e) Different cases correspond to possible
degrees of the vertices w1, u2, v1, and v2. The position of the next face is indicated by an arrow.
(f) The augmentation of an edge to a path in the particular case in which the edge is incident to a
vertex of degree 4.

that we deleted at the beginning. For the edges incident to vertices of degree less than 4
a strategy similar to that described in the proof of Theorem[3lcan be applied. Otherwise,
when an edge is incident to a vertex of degree 4, Fig. 4l (f) shows how to replace the
edge with a path, producing the desired LMST drawing of G. O

4 Graph Homeomorphism and LMST's

In this section we study the interplay between graph homeomorphism and LMST
drawability.

Lemma 3. Let G be an n-vertex planar graph whose maximum degree is 4 and that
admitsa planar orthogonal grid drawing with total edgelength L. There exists a planar
graph homeomorphic to G with at most 2L verticesthat is 1-LMST drawable.

Proof. Let I" be a planar orthogonal grid drawing of GG with total edge length L. We can
split each horizontal and each vertical segment that is part of a polyline edge in I" by
inserting a new vertex in each grid point and half grid point (see Fig.B)). By setting the
radius of visibility to a value r such that ; < r < 1, it follows that the local minimum
spanning tree of each vertex v consists of the subgraph induced by v and its neighbors.
If we denote by P the set of points of the augmented drawing I", LM ST / “(P)is
I' itself. Observe that we have inserted into each edge of length / at most 2/ — 3 new
vertices. O
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Fig.5. (a) An orthogonal drawing of a maximum degree 4 planar graph. (b) The same drawing
augmented to become an LMST drawing.

Lemma4. Let G be a n-vertex planar graph whose maximum degree is 4 and that
admits a planar orthogonal grid drawing with area A. There exists a planar graph
homeomorphicto G with at most 2 A verticesthat is 1-LMST drawable.

Proof. Trivially, by Lemma[3land by observing that in a planar orthogonal grid drawing
with area A, the total edge length is bounded A. O

Theorem 7. Let G be an n-vertex planar (outerplanar) graph with maximum degree
4. There exists a planar graph with O(n?) (O(n)) vertices homeomorphic to G that is
1-LMST drawable.

Proof. By [5] we know that every n-vertex planar graph G with maximum degree 4
admits a planar orthogonal grid drawing with O(n?) area. Further, by [7] we know that
every n-vertex outerplanar graph G with maximum degree 4 admits a planar orthogonal
grid drawing with O(n) area. The theorem follows by applying Lemma[dl 0

Theorem 8. Every n-vertex planar graph with maximumdegree 5 admits a homeomor-
phic planar graph that is LMST drawable.

Proof (sketch): Let G be a planar graph with maximum degree 5. Apply to G any
straight-line drawing algorithm. Let d be the minimum distance between two vertices
or between a vertex and an edge not incident on it. For each vertex u draw four circles
ci, with 2 < i < 5, centered at that vertex, with radius 4, 24, 3¢ and 17, respectively.
Consider vertex v and suppose it has 5 incident edges (u, v1), (u, v2), (u,vs), (u, v4),
and (u,vs), in this clockwise order around u. Edge (u,v1) remains unchanged. Draw
four half-lines ho, hs, hy, and hs, starting from u with angles 72, 144, 216, and 288
degrees with respect to (u,v1), respectively, in this clockwise order around u. Edge
(u,v;), 2 < i < 5, is cut into two pieces. The part outside ¢5 remains unchanged.
The part inside c; reaches one of the circles in {co,...,cs}, it is then replaced by a
polygonal line with vertices lying on that circle, ending with a segment straight to .
Let d be the minimum distance between the intersections between ¢, and the edges
incident on u. Let d;, = min{d,d}/2. The segments of the polygonal lines have
a length of at most d,,;,. Also, replace each segment that is longer than d,,;, by a
polygonal line whose vertices lye on the segment and whose length is at most d, ;.
The resulting drawing is an LMST drawing with radius dy,ip,. O
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Theorem 9. There exists an n-vertex planar graph that does not have any homeomor-
phic planar LMST drawable graph with less than (2(n) extra vertices.

Proof. It is possible to construct such a graph by joining n/5 times the 5-vertex graph
of Theorem[Il Each of the 5-vertex graphs requires at least 1 extra vertex to be LMST
drawable, hence the statement follows. a

5 LMST™ Recognition IsNP-Hard

In this section we show that the LMST™ recognition problem is NP-hard. Formally, the
problem can be stated as follows:

Problem. LMST* RECOGNITION

Instance: Agraph G(V, E).

Question: Is G LMST™ drawable, i.e, isthere a set P of pointsin the plane and a
valuer € R+ such that LMST*(P) isadrawing of G?

Notice that, due to tie-breaks, given a set of points and a radius r, the corresponding
LMST™ may not be uniquely defined. Therefore, the definition of the LMST+ RECOG-
NITION problem is ambiguous if a tie-breaking rule is not provided. In the following we
assume that it is chosen an arbitrary (but deterministic) tie-breaking rule, i.e., a function
o : (p1,p2) — N that assigns a different priority to each edge. When computing the
MST(N,(v;)) for some vertex v;, if more than one spanning tree with minimum edge
length is found, the one that uses edges with lower priority is chosen. In the following
we assume that a simple tie-breaking rule, naturally obtained from the vertex indexes, is
adopted. Namely, the ordering on the vertices induces an ordering on the edges, which
can be ordered first with respect to the index of their lower end-vertex, and second with
respect to the higher one.

Whatever tie-breaking rule is adopted, the following lemma holds.

Lemmab. Let V bea set of vertices on the plane, o be an arbitrary tie-breaking rule,
and G bethe LMST™ of V with radius. G can not have a cycle of four verticeswhich
are at distanceless or equal than r from each other.

Proof. Suppose for contradiction that G contains a cycle of four vertices vy, ve, v3,
and v, at distance less or equal than r from each other. It follows that the four vertices
are in the neighborhood N, of each one of them. Denote by e¢;, 7 = 1, ..., 4, the edge
connecting v; with the next vertex in the cycle. Now, pick the edge between eq, es,
e3, and ey4 that is longest and has higher index according to o. We claim that this edge
can not belong to any MST(N,(v;)), ¢ = 1,...,4 and therefore can not belong to
G, contradicting the hypothesis. In fact, suppose without loss of generality that this
longer and higher-index edge is e, connecting v; to ve, and suppose that e; belongs to
MST (N, (vj)) for some vertex v;. We produce a minimum spanning tree of V,.(v; ) that
replaces e; with an edge which is shorter or has lower index. The removal of e; from
the MST (V- (v;)) splits the tree into two connected components, one containing v; and
the other containing v,. Consider the path p = es, e3, e4. Path p starts in the component
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containing v2 and ends in the component containing v;. Hence, one between es, €3,
and e4 has one end-vertex in the first component and the other end-vertex in the second
component and is shorter (or has lower index) than e;. Therefore, replacing e; with such
an edge would produce a tree which is preferable to the MST(N,-(v;)), contradicting
the hypothesis that e; belongs to it. O

We show that LMST™ RECOGNITION is NP-hard by reducing the 3SAT-3 problem to
it. The 3SAT-3 problem is an NP-complete problem [8] defined as follows:

Problem. 3SAT-3

Instance: Aset C of clausesC' = {cy, ca, . . ., ¢, }, €ach containing three literals from
aset X = {x1,29,...,z,} of Boolean variables, such that each variable is re-
stricted to appear at most three times.

Question: Istherea satisfying truth assignment for C, i.e., isthereafunctionV : X —
{true, false} such that the whole set of clauses evaluatesto true?

The 3SAT-3 problem is used in [2] to show that the recognition of UDGs is NP-
hard, i.e., given a graph G it is NP-hard to find a placement f : V — R? such that
(vs,v;) is in E if and only if the geometrical distance between v; and v; is less or equal
than one. Also, based on this reduction, it is shown that even a less restrictive problem,
the recognition of d-quasi UDGs, is NP-hard if d > \/2/3 + € [L1]. A d-quas UDG
is parameterized by 0 < d < r and here, E contains at least all edges between vertices
that are in distance d or less, and it contains no edges between vertices that have a
distance of more than 7. Pairs of vertices with a distance greater than d and smaller or
equal to r can be in E but they do not have to be included.

In the following we modify the reduction of [[L1]] to show that there is a polynomial
transformation from a 3SAT-3 instance to a graph that is LMST™ drawable if and only
if the 3SAT-3 instance is satisfiable. This proves the following:

Theorem 10. Given agraph G it is NP-hard to decide whether itis LMST™ drawable
for someradiusr.

5.1 GraphsRepresenting 3SAT-3 Instances

As said above, the construction of the LMST™ recognition instance starting from the
3SAT-3 instance is similar to the one used in [[11]. Here, we briefly recall the steps of
the construction. For a detailed description refer to [11].

First, starting from an instance C' of the 3SAT-3 problem, an intermediary graph
G¢ = (Ve, E¢) is built. A vertex in Vi represents a positive literal, a negative literal,
or a clause of C'. There is an edge in E- between a vertex representing a literal and a
vertex representing a clause if the literal is contained in the clause. An example for this
bipartite graph representation is shown on the left of Fig.

Graph G¢ can be drawn on a grid of size O(|C| - |U]|) in such a way that the literals
appear consecutively on the horizontal axis and the clauses appear consecutively on the
vertical axis, as shown on the right of Fig.

In the grid drawing of G ¢ there are three different components, representing literals,
clauses, and cross-overs of the edges. We call the connections between these compo-
nents Wires.
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The grid drawing of G is orientableif its wires can be directed in such a way that:
(i) for every variable at least one of its two literals has all incident wires directed away
from it; and (ii) all other components (clauses and cross-overs) have at least one wire
directed away from them.

In [2] it is shown that C' is satisfiable if and only if the grid drawing of G¢ is ori-
entable. For example, the grid drawing of Fig. [6is orientable. Intuitively, the first condi-
tion on the existence of a literal with all wires directed away from it guarantees that that
literal can be set to false, producing a coherent truth assignment, while the second con-
dition guarantees that each clause has a true literal and that the constraints are correctly
transmitted through the cross-overs.

C
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C2e »
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Fig. 6. On the left, G¢ is shown for the instance (z1 V x2) A (z1 V @3 V 24) A (1 V 23 V T4).
On the right, a correctly oriented grid drawing is given for the same instance, representing the
satisfying truth assignment x1 = true, x2 = false, x3 = false, v4 = false.

The remaining part of the reduction described in [2]] consists of the construction
of a d-quasi UDG that admits a realization if and only if the grid drawing of G¢ is
orientable. The main ingredient of this construction is a cycle, called cage, in which a
subgraph, called bead, can be embedded. In [2]] the beads are just chains of vertices that
are attached to the cycle by a triangle, the so-called hinge (Fig.[]). The beads come in
two sizes: a 2-bead and a 1-bead, where the first is approximately double the size of the
latter. The size of cage and beads are adjusted in such a way that only one 2-bead or at
most two 1-beads can be embedded within one cage.

By combining cages with each other as shown in Fig. [l the embedding of one bead
decides over the embedding of other beads in the same chain. Therefore, these chains
may be used to represent directed wires. All other components, i.e., cross-overs, clauses,
and literals are built out of this main building blocks, i.e., cages attached one to the
other. The border of a cage can be decomposed into a sequence of eight paths, which
we call N, NE, E, SE, S, SW, W, NW border-path, with obvious meaning. A cage may
be attached to another cage by sharing with it one of its border-paths. Two consecutive
border-paths of the same cage cannot be simultaneously used to attach to other cages.

Observe that a naive adoption of the construction used in [11] for the d-quasi UDGs
would not produce a correct construction for the LMST™ graph. In fact, a chain of
arbitrary length is LMST™ realizable in an arbitrary small area. In order to construct a
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(a) (b) (©

Fig.7. (a) A cage of size 8 (black vertices) with a bead consisting of three vertices (white ver-
tices). (b) A chain of cages in which each bead is embedded to the right of the hinge. (c) If the
right bead is embedded in the middle cage it enforces the other beads to be embedded to the left.

bead gadget that has the property of not admitting an embedding in an arbitrary small
area, consider first the star-shaped structure shown in Fig.[8](a), which will be the basic
building block of the 1- and 2-bead. The following lemma holds:

Lemma 6. The convex hull around any LMST™ realization of the star-shaped struc-

ture of Fig.[B (a) has area at least \?3 r2.

Proof. Observe that, in order to have vertex v of Fig.[8l(a) of degree six in the LMST™
graph, all neighbors of v have the same distance L < r from v and any two consecutive
edges incident to v enclose an angle of 60° [[14]. On the other hand, vertices a and v
of Fig. 8 (a) must be at distance greater than 7, where r is the radius, otherwise by
Lemmaf3 a and v could not be part of a cycle of length four. Thus, L > \}3 - It
follows that the minimum convex hull around any realization of this structure has area
at least \/63 r2 = 3.464r2. Also, observe that Fig.[8(a) provides an LMST™ realization
for the given structure, provided that the vertices of degree 6 and 4 have lower index
with respect to vertices of degree 3 and 2. a

The darker shade around the star-shaped structure in Fig. [8] (a) shows the forbidden
zone for the structure, that is, the area in which no other vertex can be placed, unless it
attaches to the structure.

Fig. [8] (b—c) shows the gadgets for the 1- and 2-beads that fulfill the needed con-
straints, as we state in the following lemma:

Lemma 7. The 1-bead and the 2-bead structures shown in Fig. [8 (b—c) are such that
only one 2-bead, one 1-bead, or two 1-beads can be embedded within one cage in any
LMST™ graph.

Proof (sketch): Each cage is a cycle of the same number of vertices. The maximum area
enclosed in a cage can be computed by assuming that two subsequent vertices must be
at most at distance r and that the polygon they form is regular. The strategy we use to
build the 1-bead and 2-bead structures is that of melting together several star-shaped
structures represented in Fig. [B] (a) and that we proved in Lemmal 6] to require at least
a certain area in any realization. To obtain the 1-bead we melt together enough star-
shaped structures until two 1-beads can be contained into a cage, but three cannot (see
Fig.[8](b) for an example).

The 2-bead shown in Fig.[8](¢) is a combination of two 1-beads joined together. Thus,
the minimal area requirement of the 2-bead is the same as two 1-beads and, therefore,
no other bead can share the same cage with a 2-bead. O
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(a) (b) (©

Fig. 8. (a) The star-shaped structure used in Lemma[6l The lighter shade shows the space used
directly by the graph, the darker shade shows the area in which no other vertex may be placed in
any realization. (b) A realization for two 1-beads embedded into the same cage. (c) A realization
for a 2-bead inside a cage. Bigger vertices have lower index.

By Lemmal[7l the structures of Fig.[8 can be used to replace the cages in the construc-
tions described in [11]. Since all constructions can be performed in polynomial time,
the statement of Theorem[IQ] follows.

6 Conclusionsand Open Problems

In this paper we have shown several classes of graphs that can be represented as LMSTs,
graphs that cannot, and the NP-hardness of the general problem. The following ques-
tions remain open.

— We have shown that every planar graph has a homeomorphic graph that can be
drawn as an LMST. We have also given bounds on the number of vertices that
should be added to the original graph to obtain drawability. Are those bounds (at
least asymptotically) tight?

— We have introduced the p-LMST drawability and we have argued that any tree with
maximum degree 5 has an LMST representation provided that such a ratio is 2112 .
Can we do better? The same problem makes sense for many other classes of graphs.

— We have proved that LMST™ recognition is NP-hard. It naturally raises the ques-
tion of whether also the LM ST~ is NP-hard.
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Abstract. We consider the problem of finding a short path between
any two nodes of a network when no global information is available,
nor any oracle to help in routing. A mobile agent, situated in a starting
node, has to walk to a target node traversing a path of minimum length.
All information about adjacencies is distributed to certain nodes called
landmarks. We wish to minimize the total memory requirements as well
as keep the memory requirements per landmark to reasonable levels.
We propose a landmark selection and information distribution scheme
with overall memory requirement linear in the number of nodes, and
constant memory consumption per non-landmark node. We prove that a
navigation algorithm using this scheme attains a constant stretch factor
overhead in tree topologies, compared to an optimal landmark-based
routing algorithm that obeys certain restrictions. The flexibility of our
approach allows for various trade-offs, such as between the number of
landmarks and the size of the region assigned to each landmark.

1 Introduction

Our motivation is to model navigation in unknown or time-dependent environ-
ments, and to face questions of robustness in network routing by avoiding to
store global information in a single node, or in some external oracle. Our work
should find application in distributed computation and in sensor networks.

Efficient routing in a network has been studied extensively under several sce-
narios with respect to the kind and amount of available topology information.
Several models have been proposed in order to design efficient routing schemes
with relatively low memory requirements; cf. [15].

Hierarchical routing has been proposed in [20] where the problem of efficiency-
memory tradeoffs for routing schemes was first raised. The authors proposed the
general approach of hierarchically clustering a network into k levels and using
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the resulting structure for routing. The total memory used is O(n'*/*logn)
while bounds were derived on the increase of average path length due to the
reduction of routing information. However, in order to apply the method of [20],
one needs to make some fairly strong assumptions regarding the existence of
a certain partition of the network. Several variations and improvements were
studied later [2TI25]. In [2§], a landmark hierarchy has been proposed where the
nodes inside the radius of some landmarks have routing information of how to
send a message there. The authors give some results comparing average cases for
space requirements and stretch factors. A hierarchy within a geometric setting
has been proposed in [7]. In [I8], the problem of minimizing the number of
landmarks was studied so that the distances to the landmarks uniquely determine
a mobile agent’s position.

Another approach stores limited information about the network in every node.
Explicit and implicit algorithms have been proposed [26/TOITIIT2]. In the former
kind, names and labels are arbitrary and some detailed routing information for
all destinations is maintained per node. In implicit solutions [T3J27], names and
labels are assigned according to a scheme so that the information implicit in the
labelling can be used to choose the neighbor to which a message should be sent.
Results about name-independent routing schemes are found in [4J23/3].

Lower bounds for the space-efficiency tradeoff of routing schemes were studied
in [248J9UT6l6)221T4]. In particular, in [24], it has been shown that no routing
strategy can guarantee for every graph a routing scheme with a stretch factor
O(k) and o(n*+/*) bits of total memory. Other lower and upper bound results
for space-stretch tradeoff can be found in [112].

A related problem is the k-center problem, where one has to select k centers
and to partition the nodes among them so that no more than L nodes be as-
signed per center, and the distance between a node and its center be minimized.
There exist constant-ratio approximation algorithms for this problem, e.g. in the
works cited below. Although this literature is very rich, we do not apply their
algorithms in a black-box manner and, instead, we propose our own distribution
scheme. The reason is that such algorithms either do not put a limit to the region
size [I7], or, whenever they do, as in the capacitated k—center problem [5/T9],
they do not require that every region be connected; thus, a path from a node
to its center can cross into another region. However, these two requirements are
essential in reducing memory load. Our scheme on trees guarantees both. An-
other reason for preferring the term “landmark” to “center” is that the former
suggests that landmarks are visible within their region and beyond. With tree
networks this is true because there is a natural direction (namely, upwards) so
as to reach a landmark.

Formally, given parameter L, we define certain nodes as landmarks and par-
tition the nodes to corresponding regions so that no more than L nodes are
assigned per landmark. A mobile agent MA with limited storage and comput-
ing capabilities, follows a simple algorithm using information stored at nodes it
traverses in order to reach quickly a target node. One faces three simultaneous
(and contradictory) tasks while distributing information about the graph:
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— only a limited number of landmarks should contain information, while every
other node may know only its label,

— the total memory needed should be minimized,

— the stretch factor (travelled / optimal distance) of the routing scheme should
be minimized.

In this paper we propose Tree-Landmarks Routing (TLR), which is a dis-
tributed routing scheme appropriate for tree networks the nodes of which have
labels assigned in a DFS manner. We store additional information (apart from
node labels) only to a certain number of nodes. We also assume that every node
knows the port leading to its parent. We prove the efficiency of our approach,
namely that it stores a linear total amount of information to landmarks. We also
show that TLR yields a constant overhead on the stretch factor, compared to
that of an optimal landmark-based routing scheme that obeys the same upper
and lower bounds on the size of regions. Our algorithm is flexible thus allowing
for various trade-offs: most importantly between the number of landmarks and
the region size. In particular we prove that, given an upper bound L on the

region size and a parameter, TLR partitions a given tree network to O(\/ i ”L)
regions of size at most oL, where ¢ is the fan-out of the tree, for any a > 1. We
expect that our approach generalizes to arbitrary graphs; we offer indications of
this generalization.

The rest of the paper is organized as follows. The next section formalizes the
problem and introduces all necessary notions. Section 3 focuses on tree networks,
describes our routing scheme and proves its properties. Section Fl shows that our
scheme achieves a low stretch factor and constant stretch overhead compared to
routing schemes that follow similar assumptions; a second overhead measuring
model is also examined. We conclude in Section [ by suggesting possible exten-
sions of our approach to arbitrary graphs; we also state some open questions.

2 Model and Preliminaries

Let us describe the general framework before concentrating on trees. A mobile
agent MA, situated in a starting node s of a graph G = (V, E), has to walk to a
target node t of G traversing a minimum number of edges (or a walk of a minimum
weight). The goal is to distribute information about the graph topology to a small
subset of nodes so that MA can find quickly its way towards any target node.

More specifically, in a precomputation phase, among the n nodes of G, k of
them are selected as landmarks and every node v of the graph is associated with
exactly one landmark m = Im(v) so that the following property is respected:
The selection of landmarks is such that no landmark has more than L associ-
ated nodes. After the selection of landmarks and the association of nodes to
landmarks, we distribute the information about the graph as follows.

First, in every node v of G, the next node in the path (v — Im(v)) is stored
(for the case of trees, only the port label leading to the parent of a node is
necessary). Notice that the nodes have to be assigned to landmarks in such a
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way that, going from the node to its landmark only nodes assigned to the same
landmark are encountered. Otherwise the above limited information could lead
to unwanted delays, or even worse, could make MA enter a loop, thus preventing
her from reaching the landmark.

Second, in every landmark m, there is a table containing information about
the path (m — w), for every node u such that m = Im(u). These nodes constitute
the region of landmark m, denoted as region(m). In addition, a landmark may
contain information about paths leading to some other landmarks together with
indication about which nodes belong to the regions of those landmarks.

We say that two landmarks mq,mo are adjacent or neighbors if there are
adjacent nodes u, v so that: my = Im(u), me = lm(v).

We will mainly deal with rooted trees, so let us introduce some appropriate
notation. For two nodes u,v in a rooted tree T, their least common ancestor
lca(u,v) is defined in the usual way, as the common ancestor of u and v that
has the greatest depth in T. We define the least common landmark of v and v,
denoted by lclm(u,v), as the common ancestor of u and v that is a landmark and
that has the greatest depth in 7. It can be shown that lclm(u, v) = Im(lca(u, v)).

The agent initially knows only s, t. A routing from s to ¢ could be the follow-
ing: MA follows a walk from s to lm(s), then from Im(s) to im(t) and, finally,
from Im(t) to t. In the first phase MA reaches {m(s) using only ports leading
from nodes to their parents. In the second phase it reaches Im(t) using only
information stored in landmarks. In the third phase it only uses information
stored in Im(t) to find ¢. For the second-phase routing it makes sense to define
a hierarchy of landmarks, or use of an implicit hierarchy, as in trees.

We assume that the labels have been assigned to nodes in a DFS manner
and that each node knows its label and the port leading to its parent. We also
assume that MA has limited memory and computing capabilities.

We would like to have a simple and efficient routing scheme, at the same time
respecting bounds on the allowed memory load of landmarks and simple nodes.
We measure the efficiency of our method by means of the stretch factor and the
stretch overhead. Below we define these notions formally.

Let wa(s,t) be the walk from s to ¢ followed by a routing scheme A and let
p(s,t) be the shortest path from s to t. The stretch factor SF 4, of routing
scheme A on graph G is the maximum ratio between |w4(s,t)| (the length of
wa(s,t)) and |p(s,t)| taken over all pairs (s,t) of nodes of G.

We also use another natural measure of performance which we call stretch
overhead of routing scheme A on graph G and denote it as Ha g: It is the
maximum ratio between |wa (s, t)| and |wa~(s,t)|, taken over all pairs (s,t) and
routing schemes A* that follow similar restrictions as A. In particular, we are
interested in routing schemes which also use landmarks, obey the same bounds
on region size as A, and follow the same routing scenario, that is, MA travels
from s to t by first traveling from s to im(s), then from Im(s) to Im(t), and
finally from im(t) to t. Note that the stretch overhead can also be defined as the
maximum ratio between the stretch factors S¥4,¢ and SF 4+ ¢, taken over all
similarly restricted routing schemes A*.



Distributed Routing in Tree Networks with Few Landmarks 49

3 Distributed Routing in Arbitrary Trees

In this section we present a distributed routing scheme, which we call Tree-
Landmarks Routing (TLR). This scheme consists of three algorithms: an algo-
rithm for selecting landmarks in arbitrary trees, an algorithm for distributing
routing information to the nodes, and an agent navigation algorithm.

3.1 Landmark Selection Algorithm

Given a tree T and an upper bound L on the region size, the algorithm presented
below selects landmarks in 7" and assigns regions of T to the landmarks, in such
a way that the size of each region is between L' = \/L/é and L, where ¢ is the
maximum fan-out of tree T'. Consequently, the number of landmarks is at most
n/L', that is, at most v/§L times the best possible (n/L) with respect to the
upper bound L.

Algorithm Landmark-Selection(tree T, region size L)

select a root ro for T arbitrarily

set R := {ro}

set L' := L\/§J (* the choice of L' will be justified in Prop. I} we assume L > ¢

*)

(* landmark selection — assignment of regions to landmarks *)

while R # () do
pick an element r from R
add r to the set of landmarks and remove it from R
traverse subtree T'(r) rooted at r in BFS manner
until ' nodes have been visited or there are no nodes left in T'(r)
assign visited nodes of T'(r) to region(r)
add unvisited nodes that are adjacent to region(r) to R

end while

(* merging of non-full regions with parent regions *)

for each r such that |region(r)] < L' do
let 7 be the landmark of parent(r) (* parent(r) € region(r') *)
assign all nodes in region(r) to r’
remove r from the set of landmarks

end for

The algorithm builds regions of size L’ starting from the root of the tree and
traversing the tree in a BFS manner. When all nodes have been visited, the al-
gorithm assigns each region of size smaller than L’ to the landmark of its parent
region. We will show in Prop.dlthat the selection of L’ guarantees that the size of
any augmented region does not exceed L. We will also give an upper bound on the
number of landmarks selected by our algorithm. We first state a simple lemma.



50 1.Z. Emiris, E. Markou, and A. Pagourtzis

Lemma 1. The region of nodes assigned to a landmark r by algorithm Landmark-
Selection forms a subtree rooted at r.

Proposition 1. Algorithm Landmark-Selection partitions a tree into regions of
size at most L. The total number of regions is O(v/§ \;LL ), where § is the mazimum
fan-out of tree T'.

Proof. Let the border b(S) of a region S be the set of nodes in this region that
have children outside the region. Due to the fact that regions are formed by
using BFS traversal, the border of S may contain: a) leaves of S and b) at most
one internal node of S, namely the parent of the leaf that was included in S last.

A region S of size L’ can be augmented by small (i.e. of size < L’) regions
rooted at nodes that are adjacent to nodes in the border of S. We call these
regions child regions of S and their landmarks child landmarks of S. Let us now
give an upper bound on the number of child landmarks.

Clearly, the number of child landmarks of S can be at most |b(S)[d. We dis-
tinguish between two cases:

— The root of S does not belong to b(S). In this case the number of child
landmarks of S is at most (L’ — 1)4.

— The root of S belongs to b(S) (note that this can only happen if L’ < §).
In this case S is a tree of height 1, consisting of its root and L' — 1 leaves.
Therefore, the root may have at most § — (L’ —1) children outside S; together
with the children of leaves of S we get an upper bound of (L' — 1) + (6 —
(L' = 1)) =L'(6 — 1) + 1 on the number of child landmarks of S.

The above give an unconditional upper bound of L'§ — min(L' — 1,§) < L'§
on the number of child landmarks of S.
An upper bound on the size of S’ (S after augmentation) is given by

|S'| < (# child landmarks of S)(L' — 1) + L’
SLP-L(—-1)< L <L

where the last inequality holds because L' = |/L/d].
Note that L' > (\/g)/Z since L > §. Therefore, the number of regions (also
of landmarks) is at most ;, < 2" = o4 ;L)

Vi
Region size relaxation. We can relax the maximum size of a region by means of
a parameter «; in particular, for any a > 1 we may specify L as the maximum
region size. Then, the upper bound on the number of landmarks will become

i \;LH that is, it will be reduced by \/a. Notice also that by setting o = L§
we can guarantee an optimal (with respect to an ‘ideal’ region size L) number of

landmarks n/L, at a cost of allowing the size of a region to increase up to §L2.

Remark: We have assumed that L > §. For cases in which L < § it is not clear
what would be a reasonable landmark selection strategy. For example, consider
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a star with n nodes. For L < n, it turns out that there would be at most one
region with more than one nodes (the one containing the center), and several
regions consisting of a single landmark (recall that we insist in keeping regions
connected). Therefore, the number of landmarks would be 2(n), which would
lead to poor memory efficiency (not better than that of any standard routing
method).

3.2 Memory Requirements

This section details the routing information assignment scheme. The information
distribution algorithm is as follows:

Starting from the root, traverse the tree in a DF'S manner and assign labels
to nodes. Also, assign port labels to edges: for every node u assign port labels
1,...,d(u) to its outgoing edges, where d(u) is the degree of u. In particular,
assign port label 1 to the edge leading from u to its parent.

Store the information of the graph topology as follows:

— Type 1 info (all nodes): At every node u only its label has been stored;
port 1 leads to parent(u). Note that if u is not a landmark this port is the
one that leads to the next node in the path (u — Im(u)); if u is a landmark,
this port leads to the next node in the path to its parent landmark.

— Type 2 info (landmarks only): At every landmark m, for each node v in
the region of m store the label of v (for simplicity we will call it also v), the
label of v’s parent, and the port j which leads from parent(v) to v. More
precisely, the entry for v is [v : parent(v), j]; if v is a child of m then the
entry is [v : m, j].

— Type 3 info (landmarks only): At every landmark m, for any child land-
mark m’ of m store [m’ : parent(m’),j | Ry], where j is the port leading
from parent(m’) to m’, and R, is the node with the greatest label among
all nodes in the subtree rooted at m/.

In the next section we will describe how the above information can be used
by an agent in order to efficiently find its way from any node s to any node t.
We now show the space requirements of the above scheme in a real RAM model,
where labels consume O(1) space.

Proposition 2. The above routing table assignment scheme requires O(0L) space
for each landmark. The entire space needed is O(n).

Proof. The space needed at a landmark is as follows:

- O(1) for type 1 info, as above.

- O(L) for type 2 info (since there are at most L nodes associated with a landmark

and for each one a constant number of labels needs to be stored),

- O(0L) for type 3 info (since there are at most § L child landmarks of a landmark

m and for each of them a constant number of labels needs to be stored).
Finally, the total space needed for the information stored in the tree is O(n)

because:
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- for type 1 info we need to store O(n) port numbers in total,

- for type 2 info we need to store O(|region(m)|) labels at each landmark m,
which gives a total of O(n) labels

- for type 3 info we need to store O(# child landmarks of m) labels at each

landmark m, which gives a total of O(# landmarks) = O(\/ in) labels, by
Proposition [

3.3 Navigation Algorithm

We now describe a navigation algorithm that MA can use to find its way from
node s to node t. In the following we denote by u the current node where MA is
located (initially u = s); we describe the appropriate action of MA, depending
on the kind of v and the routing information obtained so far. We use a boolean
variable direction which takes values ‘up’ or ‘down’, showing MA should move
upwards or downwards. Initially direction is set to ‘up’.

— Case a. If u is not a landmark and direction is ‘up’, then go to parent(u).

— Case b. If u is not a landmark and direction is ‘down’, then follow the first
port in the list of ports obtained in previous steps (see below), and remove
this port from the list. (In this case MA moves towards destination ¢ — if
not already there — or towards a landmark m’ containing ¢ in its subtree.)

— Case c. If u is a landmark, look at type 2 info table in order to find ¢. If ¢
is found, set direction to ‘down’, and use table information to construct a
sequence ports(u — t) of ports leading from u to t. Store ports(u — t) to
local (agent’s) memory, and follow the first port in ports(u — t) (removing
this port from the sequence).

— Case d. If u is a landmark but ¢ is not found within type 2 info table, look
at type 3 info table for entries [m’ : v,j | Ry such that m’ < ¢ < R,.
If such an entry is found, then set direction to ‘down’, and use type 2 info
table to construct a sequence ports(u — v) of ports leading from u to v;
append port j to ports(u — v). Store ports(u — v) | j to local (agent’s)
memory, and follow ports(u — v) | j to eventually reach m’.

— Case e. If u is a landmark but ¢ is not found in tables of type 2 or type 3
info then move towards the parent of .

Below we show the correctness of TLR, in particular, that a mobile agent
situated at node s will manage to reach node ¢ following this scheme.

Proposition 3. Given a graph G, a target node t and an agent MA situated at
some node s of G, if G is preprocessed by using landmark selection and infor-
mation distribution algorithms of TLR then MA will eventually reach t by using
the Navigation Algorithm of TLR.

Proof. We will show that the agent follows 4 particular walks in a row: (s —
Im(s)), (Im(s) — lelm(s,t)), (lckm(s,t) — Im(t)), and (Im(t) — t). Note that
some of these may be of zero length.
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If s is a landmark then MA is already in Im(s), otherwise it moves up (case
a) until it reaches im(s).

If ¢ is ‘visible’ from Im(s) (that is, belongs to the subtree rooted at Im(s))
then MA is already in lclm(s,t), otherwise it moves upwards (case e and then
case a repeatedly, possibly repeating this pattern several times) until it reaches a
landmark m such that ¢ belongs to the subtree of m (at least one such landmark
exists: the root). Clearly, m = lclm(s, t).

If t € region(m) then MA is already in Im(t). Otherwise, it starts moving
down (case d and then case b repeatedly) to reach the child landmark of m that
contains t in its subtree. This process is possibly repeated several times until
MA reaches Im(t).

It then follows the path implied by the routing information of Im(t) (case ¢
and then case b repeatedly) in order to reach ¢.

All the calculations needed by MA in order to determine each time the port
by which it has to leave its current position can be done in time linear in the
number of nodes.

4 Efficiency of TLR Scheme

In this section we give estimations for the efficiency of Tree-Landmarks Routing
(TLR) in terms of the stretch factor and the stretch overhead achieved.

4.1 Stretch Factor Analysis

In the following we establish a stretch factor for TLR in trees which is propor-
tional to the region height.

Proposition 4. TLR achieves stretch factor SFrrrr = 2h+ 1 on a tree T,
where h is the mazimum height of a region of T.

Proof. Consider a pair of nodes s, t. The walk followed by MA under TLR scheme
can be analyzed in the following paths (in this order): (s — lca(s, t)), (lca(s,t) —
lelm(s, t)), (lcddm(s,t) — lea(s,t)), and (lca(s,t) — t). Clearly, all these paths
are shortest paths since they are simple. Therefore,

Ip(s,lca(s,t))| + 2|p(lea(s, t), lcddm(s,t))| + |p(lca(s, t),t)]
p(s,t)]
2|p(lea(s,t), lclm(s,t))]
p(s, 1)

because the shortest path p(s,t) between s and ¢ consists of shortest paths
p(s,lca(s,t)) and p(lca(s,t),t).

The distance |p(lca(s,t),lclm(s,t))| is at most h, since lelm(s,t) is the land-
mark of lca(s,t). Therefore, SFrrrr < 2h + 1. On the other hand, there is a
case in which |p(lca(s, t),lclm(s,t))| = 2h and |p(s,t)| = 1. Namely, whenever s
is parent of ¢ (therefore s = lca(s,t)), and s and t are in different regions (¢ is a
child landmark of Im(s)).

SFrrrT = MaXs

<1+ maxs;
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Taking into account that A is bounded by the maximum region size we obtain
the following.

Corollary 1. Tree-Landmarks Routing achieves a stretch factor of O(L).

4.2 Stretch Overhead with Upper and Lower Bounds on Region
Size

Next we establish a constant stretch overhead for TLR in trees where all regions
have size between L’ and L. This restriction is necessary in order to have a fair
comparison to an optimal routing scheme. Notice that, for any routing scheme
under consideration, since each region size is between L’ and L, the number of
landmarks is between n/L and n/L’. We first prove the result for line graphs
and full é-ary trees and then sketch a proof for arbitrary trees.

Proposition 5. TLR achieves stretch overhead 2 when applied to line graphs.

Proof. TLR, when applied to a line, produces regions which are also lines. All
these regions have size L', except possibly for one or two ‘leaf’ regions which are
merged with their ‘parent’ regions. Therefore the maximum height of a region is
at most 2L'.

As mentioned above, any routing scheme A* that we would like to compare
to TLR will produce regions of size > L’. Clearly, the stretch factor for one of
these regions alone will be > L’ (consider two neighbor nodes, as far from the
landmark as possible). Therefore, the stretch overhead is at most 2.

We will now show that this is also the case for full (i.e. complete) d-ary trees.

Proposition 6. TLR achieves stretch overhead 2 when applied to full d-ary
trees.

Proof. Let hs(r) denote the height of a complete d-ary tree with r nodes; note
that hs(r) = O(logsr). During its last stage, Landmark-Selection augments a
region R by combining it with regions that have the following properties: their
height is smaller than hs(L’) and their landmarks are adjacent to nodes of R
that are in distance hs(L’) or hs(L’) — 1 from the landmark of R. Therefore, the
maximum height of a region after augmentation is at most 2hs(L’).

As mentioned above, A* makes regions of size > L’. Clearly, such a region
cannot have height smaller than hs(L’), which implies that the stretch overhead
of TLR is at most 2.

Next, we sketch how to extend this result to arbitrary trees.

Proposition 7. TLR achieves stretch overhead 4 when applied to an arbitrary
tree.

Proof. Let h denote the maximum height of a region R of a tree T' produced
by Landmark-Selection algorithm in its first phase (that is, before merging).
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As argued in the proof of Prop. [(] the maximum region height at the end of
Landmark-Selection will be at most 2h. Consider any partitioning of 7" into
connected regions of size at least L’; it can be shown that nodes of R cannot
be accommodated into regions that all have height smaller than g Therefore,
there exists at least one region of height g, leading to a stretch overhead of 4.

4.3 Stretch Overhead with Upper Bounds on Region Size and
Number of Landmarks

We now consider a different definition of stretch overhead. Namely, we allow
comparison with any routing scheme that respects the same upper bound L on
the region size and the same upper bound on the number of landmarks n/L’.

Propositions [l and [6] can be adapted to show that TLR achieves optimal
(within a factor of 2) stretch overhead in the extreme cases of line graphs and
full trees. This is because the bound on the number of landmarks guarantees
that there must be at least one region of size > L’. However, this does not hold
for trees that are not complete, as shown by the following example.

. 1/4
§log? L )
a line segment S with L’ nodes, followed by ¢t complete é-ary trees, T1,..., T},
each with L’ nodes; the root of 77 is adjacent to a leaf of S, and the root of
T;, 2 < i <'t,is adjacent to a leaf of T;_;. Algorithm Landmark-Selection will
divide such a graph to t + 1 regions, namely S and the T} trees. Therefore, the
stretch factor will be ©(L’) due to the height of S.

On the other hand, it is possible, using the same number of landmarks (i.e.
t+1), to split S into ¢ regions of height L'/t and construct one region containing
all T;’s, provided that tL’ < L. The maximum region height of the new parti-
tion is h* = max(L'/t, tlogs(L’)); this is minimized for t = \/L’/logs L’ giving
h* = /L'logs L'. Hence, the stretch overhead is equal to L'/h* = \/ L, =

logs L'
L1/4
@( 5log2 L )

Example of O( stretch overhead. Consider a graph consisting of

5 Conclusions

In this work we have proposed Tree-Landmarks Routing (TLR), which is a dis-
tributed routing scheme appropriate for tree networks. Given an upper bound L
on region size, TLR partitions a tree T to O(v/§ ;L) regions of size at most L,
achieving a reasonable stretch factor and an optimal (within a constant) stretch
overhead, while storing linear amount of information to landmarks and constant
information per node to non-landmark nodes.

The optimal stretch overhead of TLR is achieved for the model with both
upper and lower bounds on the size of regions. An interesting open question
is whether we can devise a routing scheme with constant or even logarithmic
stretch overhead for arbitrary trees under the model with upper-bounded region
size and number of landmarks.



56 1.Z. Emiris, E. Markou, and A. Pagourtzis

A second question is whether we can reduce the number of regions to e.g.
O(}) without affecting the efficiency of the scheme. A possible modification of
our landmark-selection algorithm toward this direction is the following: instead
of merging regions of size < L’ only with parent regions, we do the same with
all regions of size < L as long as no region size becomes > L, in a bottom-up
manner. This makes larger regions, resulting to fewer landmarks. In practice, we
expect that for large trees most regions will be of size close to L and only a few
regions will have size L’. However, to quantify these claims we would need extra
hypotheses on the topology of our tree. On the downside, such a modification
shall increase the stretch factor.

Another important issue is whether TLR can be extended to work for arbi-
trary graphs, and what the efficiency will be. A possible approach might be the
following: given a graph G, specify a BFS spanning tree T for G, rooted at a
minimum eccentricity node; then apply TLR to tree T'. Clearly, this would lead
to the same trade-off, as that for trees, between the region size and the number
of landmarks and the same memory requirements. On the other hand, it seems
that the stretch factor and overhead can become arbitrarily large. Therefore, a
very interesting question is whether there exist routing schemes with low stretch
overhead for arbitrary graphs, under any of the two overhead measuring models.
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Abstract. We consider scheduling problems that are motivated by an
optimization of the transmission schedule of a smart antenna. In these
problems we are given a set of messages and a conflict graph that specifies
which messages cannot be transmitted concurrently. In our model the
conflict graph is a unit circular-arc graph.

Two variants of the problem are considered: c-MBL and NU-C-MBL.
In c-MBL, the messages have unit demands, whereas in NU-C-MBL de-
mands are arbitrary. We present an optimal algorithm for c-MBL and a
3-approximation algorithm for NU-C-MBL.

Keywords: smart antennas, scheduling with conflicts, capacitated col-
oring, unit circular-arc graphs.

1 Introduction

1.1 Background: Scheduling of Smart Antennas

The major issue in wireless networks is how to utilize bandwidth efficiently.
This problem is becoming more and more acute as the density and bandwidth
requirements of clients increase. The only way to alleviate this bottleneck is to use
resources more efficiently. For example, instead of transmitting a message to all
direction in the vicinity of an antenna, use a directional beam that concentrates
the energy only in the direction of the receiving client. This approach has the
following advantages. First, the transmission energy is reduced, so apart from
saving energy, health hazards are reduced. Second, interference is reduced as
clients do not receive transmissions that are not aimed towards them. This means
that reliable communication is possible with weaker signals and more messages
can be transmitted simultaneously.

Traditionally, a directional beam is formed by using a reflector. To obtain a
pencil shaped beam, a two-dimensional parabolic reflector (i.e. a dish) is used.
The beam is directed in different directions by rotating the dish so that it is
aimed in the desired direction. This mechanical method of steering the beam
is slow and is appropriate for base stations that serve a small and fixed set of
clients.

T. Erlebach (Ed.): CAAN 2006, LNCS 4235, pp. 58-[T1] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Large and mobile sets of clients are often served by organizing horn shaped
antennas side by side. Each horn forms a beam that has the shape of a sector
(say, a sector with an angle of 60 degrees). This enables transmission in all
directions but has two main drawbacks. First, the gain due to the wide sector
is small. Second, separate radio frequency (RF) processing is required for each
horn antenna. This incurs an additional cost, especially since high power RF
components are expensive.

Advances in technology enable forming directional beams with an array of
simple antennas (instead of reflectors). The common signal is multiplied by an-
tenna specific complex weights (i.e., each antenna in the array is associated with
a different weight). The multiplication by a complex weight changes the ampli-
tude and the phase of the signal. The signals transmitted from different antennas
in the array add in interfering and accumulating patterns to form a directional
beam (see left part of Fig.[D]). By modifying the complex weights, it is possible to
electronically steer the beam from one direction to another. Electronic steering
can be performed very quickly since no mechanical movement is required. More-
over, a few directional beams in different directions can be super-positioned (see
right part of Fig. [II).

Calculating the required weights needed to form a given beam is a complicated
task (see: [I5II3I8]). One method to overcome this problem is to pre-calculate the
coefficients that yields a pencil beam of width 24 in any given direction 6, and
use superposition to obtain a combination of pencil beams. Due to side-lobes and
non-linear effects, the angular difference between super-positioned beams cannot
be too small. To simplify the model, we assume that beams may not overlap,
namely, the angular difference should be at least A. This means that two clients
with an angular difference less than A may not be served simultaneously.

To summarize, we assume that the antenna is “smart” in the sense that in
every time slot, the beam may be the superposition of at most C' pencil beams,
each of width 2A. The angular difference between two pencil beams in the same
time slot must be at least A.

We consider a setting in which there are n clients in the vicinity of the antenna.
The goal is to transmit message m; to client :. We assume that all messages have
the same length. The goal is to schedule the transmission of the messages to
minimize the amount of time needed to transmit all messages. In each time slot,
at most C messages can be sent simultaneously. This is achieved by pointing
at most C beams towards the clients whose messages are transmitted in this
time slot. Messages scheduled for transmission in the same time slot may not
conflict. Namely, the angular difference between the corresponding clients must
be at least A. We now formalize the problem of scheduling a smart antenna.

1.2 Formalizing the Model

The model in this paper is of a network with one antenna that serves a set of
n clients. Both the antenna and the clients are modeled as points in the plane.
The location of client 4 is denoted by its polar coordinate (r(i),¢(i)), where
the antenna is positioned in the origin. The antenna should transmit a unique
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Region of mazimum signal

:’/H; Pencil beatms

lobes

Antenna \\\\1

Antenna

Fig.1. (A) A pencil beam. The contour bounds a region in which the reception level
is above a certain level. Note that the main lobe points up. (B) The superposition of
5 pencil beams.

message m; for each client i. In the sequel, we do not distinguish between the
client 4 and its message m;, so we simply refer to (r(4), ¢(i)) as the location of
the message m;. The assumptions on the transmission model are the following:

— The transmission is done in time slices.

— During a time slice, the antenna transmits the messages of a subset of the
clients.

— When transmitting to client 4, the antenna aims a pencil beam in its direction
o(i).

— During a time slice, the antenna’s beam is a superposition of multiple pencil
beams. The antenna may support at most C pencil beams concurrently,
provided that the angular difference between every two pencil beams is at
least A.

The angular difference between every two beams is at least A. Therefore,
two clients 4, j for which |¢(i) — ¢(j)| < A are in conflict, and their messages
cannot be scheduled concurrently.

Let M be the set of messages, i.e., M = {m;| 1 < i < n}. Two messages i, j
are in conflict if |p(i) — ¢(j)| < A. A schedule for the antenna, is a partition
of M such that: (i) M = Ule C;, and (ii) every two messages in the same
partition C; are not in conflict. The length of the schedule, is simply the number
of subsets k. The Minimum Broadcast Length problem (MIN-LEN), is the problem
whose input is a set of messages with locations, and its output is a schedule of
minimum length.
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An extension to MIN-LEN problem is obtained by limiting the number of mes-
sages than can be transmitted simultaneously. This limit is caused by the specifi-
cations of the antenna’s array that forms the beam. We refer to this bound as the
capacity. The capacity C poses a constraint on a schedule, namely, Vj |C;| < C.
The problem of minimizing the schedule length in the presence of a capacity
constraint is called the C-Minimum Broadcast Length problem (C-MBL).

Another type of capacity constraint arises in a weighted scenario. Assume that
different messages require different transmission power. For example, the power
required for broadcasting a message m; may depend on the distance r?, or on
the reception quality of the client(i.e. the client’s antenna). Another motivation
for this problem is dealing with different noise levels. A natural way to deal
with the noise level, is to use code words of different lengths to the clients.
Namely, if a client has a low noise level, then the code words that are used
for transmission to this client are short; whereas if a client has a high noise
level, then the code words that are used for transmission are longer. Therefore
we connect the bandwidth demands of a client with his noise level. Since the
antenna has a limited bandwidth, the capacity constraints is a limit on the
overall bandwidth for transmission in a time slice. However, this leads to a
reduction between the problem of dealing with noise level and the problem of
allocating transmission power. I.e. the antenna deals with higher noise level by
assigning a wider bandwidth. A client with wider bandwidth is assigned a wider
range of frequencies, and hence the antenna spends more power on its message.
In order to capture a general scenario, we model this problem as follows. For
each message m;, we assign a positive number d;, that is its demand. For the
antenna we assign a number C' (also referred to as its capacity), that stands for
its maximum power per time slice. Hence we require: Vj Ziecj d; < C. We refer
to the problem of minimizing the broadcast length where demands exist as the
Non-Uniform C-Minimum Broadcast Length Problem (NU-C-MBL).

1.3 Graph Theoretic Formulation

In this section we formulate the scheduling problems presented as graph theoretic
problems. We define the collisions graph G = (V, E) as follows. The vertex set
V(G) contains one vertex v; for each message m;, the edge set E(G) contains
the edge (v;, v;) if and only if the messages m;, m; interfere.

Due to the geometric origin of the constraints in our problem, the collisions
graph is a unit circular-arc graph. A unit circular-arc graph, is a graph that has
a realization as the collision graph of a set of unit length arcs. Namely, there
exists a set R of unit length arcs on a circle, and a bijection f : V — R such
that: (vs,v;) € E if and only if f(v;) N f(v;) # 0 (the arcs are intersected).

In order to avoid confusion, we would like to emphasize that an arc which
represents a message, corresponds to a vertex of the collision graph. The edges
of the collision graph, that in some of the literature are referred to as arcs,
corresponds to intersections between arcs. Nevertheless, we preferred this choice
of terms since it follows the standard terms used for circular-arc graphs.
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The arc realization of vertex v; is simply the sector of size A centered at ¢(4),
i.e., the sector [p(i) — A/2,$(i) + A/2]. Since this is a projection of the clients
locations on the unit circle, two arcs f(v;), f(v;) intersect if and only if their
corresponding messages m;, m; interfere.

The MIN-LEN problem, can be reduced to the problem of computing a mini-
mum coloring the graph G. Given a minimum coloring, it assigns to each arc m;
a color from the set {1,...,x*}, where x* denotes the chromatic number of the
graph. This coloring defines the schedule in which the clients scheduled to time
slice t are all the clients whose arcs are colored t. Due to the requirement that
the messages in each time slice are independent sets, the length of this schedule
is minimum.

The ¢-MBL and NU-C-MBL are capacitated versions of the coloring problem.
E.g., in c-MBL we need to partition the V(&) into minimum number of indepen-
dent sets {C}}, such that the size |C}| of each set does not exceed the antenna’s
capacity.

1.4 Previous Results

Two problems related to C-MBL and NU-C-MBL are coloring of circular-arc graphs
and bin-packing with conflicts. We briefly review previous works on these problems.

Previous results on coloring circular-arc graphs. Circular-arc graphs are a nat-
ural generalization of intervals graphs since the removal of any maximal clique
from a circular-arc graph yields an intervals graph. (This is due to the fact that
the set of arcs passing for a given point on the circle forms a subset of a maximal
clique.) Since intervals graphs are perfect, finding their chromatic number x* is a
well known polynomial problem (see for example [14]). However, despite the re-
semblance, finding the chromatic number of circular-arc graphs is N P-Hard (]2]).
The coloring problem remains N P-Hard even for special families of circular-arc
graphs ([3]). Based on this connection between intervals graphs and circular-arc
graphs, the following simple algorithm is a 2-approximation for coloring circular-
arc graphs: (i) Color a maximal clique, (ii) remove it from the graph so as to obtain
an intervals graph, and (iii) color optimally the intervals graph.

A different 2-approximation algorithm for coloring circular-arc graph was
given by Tucker ([I1]). His algorithm is a greedy, first-fit algorithm that has
two stages: (i) first generate an order on the arcs, and (ii) assign consecutive
blocks of arcs according to the same color class, according to the order gen-
erated. Tucker also conjectured that 35" colors are always sufficient to color a
circular-arc graph, where w is the size of the maximum clique. This conjecture
was proved by Karapetian ([6]). Shih and Hsu gave a g approximation algorithm
([L0]). Their algorithm is based on extending Tucker’s ideas to cases where no
three arcs cover the circle. Recently Valencia-Pabon showed that if the minimum
size of a dominating set is ¢, then the approximation ratio of Tucker’s algorithm
is {5 ([12))-

An approximation algorithm based on linear programming for coloring circular-
arc graphs was given by Kumar ([7]). His algorithm achieves an approximation
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ratio of (1 + 1/e 4+ o(1)) for graphs whose coloring number x* is §2(logn). His
algorithm first reduces the coloring problem into a multi-commodity flow prob-
lem, then it solves the corresponding linear program, and finally it rounds up the
solution.

An important family of circular-arc graphs is proper circular-arc graphs. A
proper circular-arc graph is a circular-arc graph for which there exists a realiza-
tion R such that no arc is fully contained within another. An even more restricted
family of graphs are unit circular-arc graphs, for which there exists a realization
such that all arcs lengths are the same, trivially such a realization is also proper.
Orlin, Bonuccelli and Bovet ([9]) showed that coloring proper circular-arc graphs
is polynomial. The running time of their algorithm is O(n? log n), and it is based
on a procedure that checks whether a graph is k-colorable, for a given value of
k. We refer to this algorithm as COL-PROPER(G).

Corollary 1. By the reduction given in the previous section, we obtain that
COL-PROPER(G) optimally solves the MIN-LEN problem.

An important balancing property of COL-PROPER(G), is that the size of all the
color classes it generates is either “‘_‘ or L:L*J, thus the color classes have the

same cardinality up to rounding.

Previous results on bin-packing with conflicts. The input to a bin-packing prob-
lem with conflicts is a set V' of elements with weights between zero and one. In
addition, the input contains a conflict graph G = (V, FE) whose vertex set is the
set of elements. An edge (u,v) € F indicates that w and v cannot be assigned
to the same bin. The goal is to find a packing of V into as few bins as possi-
ble, where the size of each bin is one. The NU-C-MBL problem is a bin-packing
problem with conflicts where the conflict graph is a unit circular-arc graph.

Jansen [5] considered bin-packing with conflicts where an optimal coloring of
the conflict graph is given (e.g., coloring is polynomially solvable for a class of
graphs that contains the conflict graph). For such cases, an r-approximation is
presented, where 2.69 < r < 2.7. In addition, a 2.5-approximation algorithm for
graphs that can be precolored is presented!'. The approximation algorithms are
based on an analysis of the first-fit-decreasing algorithm for bin packing after
small elements are reweighted and matched with big elements.

An asymptotic approximation scheme for bin-packing with conflicts was pre-
sented by Jansen [4] for d-inductive graphs?.

Epstein & Levin [I] present improvements for bin-packing with conflicts. The
improvements in [I] over [5] are due to a better choice of weights assigned to small
elements and a tighter analysis. The contributions in [I] are as follows: (i) A
5/2-approximation algorithm for conflict graphs that can be optimally colored

! The precoloring extension problem is defined as follows: Given a graph G = (V, E)
and a subset of vertices V' = vy, ..., vx. Find a minimum coloring of of G satisfying
flvi)=iforalli=1,. k.

2 A graph is d-inductive, if there exists an ordering of the vertices such that the “left”
degree of every vertex is at most d.
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in polynomial time. This implies a 5/2-approximation algorithm for NU-C-MBL.
(ii) A 7/3-approximation algorithm for conflict graphs that can be optimally
precolored. (iii) A 7/4-approximation algorithm for bipartite conflict graphs.
(iv) An online algorithm with a 4.7-competitive ratio for conflict graphs that are
interval graphs.

1.5 Our Results
In this paper we present the following results:

— An optimal algorithm for c-MBL, whose running time is O(n?logn).

— An O(nlogn) heuristic for c-MBL based on Tucker’s coloring algorithm. We
bound the approximation ratio of this heuristic by 3. This heuristic is optimal
under a condition that seems to hold in practice.

— NP-Hardness of NU-C-MBL.

— A very simple 3-approximation algorithm for NU-c-MBL(see [I] for better
approximation).

2 The Capacitated Minimum Broadcast Length Problem

In this section we present two results. The first result is an optimal algorithm for
C-MBL, to which we refer by oPT-CMBL. The second result is a heuristic, based
on Tucker’s algorithm, which is optimal under some assumptions that may hold
in practical cases. We think this heuristic is interesting since it is simple, and its
running time is O(n log n), whereas the running time of OPT-CMBL is O(n? logn).

2.1 An Optimal Algorithm for c-mbl

Let C' denote the antenna’s capacity and n the number of messages. Let G denote
the collision graph (G is a unit circular-arc graph). Let x* be the chromatic
number of G. We denote by £* the length of an optimal schedule. In this section
we prove the following theorem; the proof is separated into a few claims.

Theorem 1. ¢* = max{x*, Hﬂ} Moreover, an optimal cover can be computed
in polynomial time.

We begin by proving the lower bound.
Claim. (* > max{x*, [ %]}.

Proof. The first bound follows since the messages transmitted concurrently in
every time slice are independent. The second bound follows simply from the fact
that the number of messages transmitted in any time slice is bounded by C.

The following corollary shows that if the color classes are small, then the
optimal coloring induces an optimal schedule.

Corollary 2. If L:i—‘ < C then COL-PROPER(G) induces an optimal schedule.
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Proof. The balancing property of COL-PROPER(G) implies that the largest color
class in the coloring computed by COL-PROPER(G) contains k‘—‘ clients. Since

“L—‘ < C the coloring induces a valid schedule. Since ¢* > x*, optimality
follows.

We now deal with the case of large color classes.

Claim. 16 [ 11| = C then 7 = ],
Proof. We first reduce the graph G so that the sizes of the color classes computed
by COL-PROPER(G) are not divisible by C. The reduction proceeds as follows:
(i) Partition the arcs into color classes using COL-PROPER(G). (ii) If the size of
a color class C; is divisible by C, schedule the messages in C; in groups of size
C. Denote the number of arcs assigned in this step by n”, and let n’ = n —n”.
If n’ = 0, then we are done, and the theorem holds. Let G’ denote the collision

graph induced by the n’ remaining nodes. Obviously, £*(G) < £*(G')+ "C/f =[a].

It suffices to prove that ¢*(G') = Pg-‘ We may therefore assume that the size
of every color class computed by COL-PROPER(G) is not divisible by C. Namely,
neither “ﬂ or M('J is divisible by C. As a result of this reduction, we assume
that the sizes of the color classes in the coloring computed by COL-PROPER(G)
are not divisible by C' and that C' < L?J (i.e., every color class contains more

than C arcs).

We use the following terminology. If S is an independent set and |S| = k-C'+r.
Then S can be partitioned to C'-groups and a leftover-group. The C-groups are
k disjoint subsets of C; (each of size C'), and the leftover group is a subset of C;
of size r.

A listing of Algorithm SCHEDULE appears as Algorithm [ The algo-
rithm computes an optimal balanced coloring of the collision graph G using
COL-PROPER(G). The idea is to schedule a C-group from each color class. The
issue of the leftover group is solved by finding a C-group in the union of the
current color class and the next color class (see the Replacement Claim below)
to schedule C' additional arcs. Since all slots, but perhaps the last slot, contain
C arcs, Algorithm SCHEDULE computes a schedule whose length is Hﬂ Hence,
we only need to prove the Replacement Claim.

Claim (Replacement Claim). In Line 8 of Algorithm SCHEDULE there always
exists a set S C C;UC; 11 such that: (i) |S| = C, and (ii) both S and (C;UC;4+1)\S
are independent sets.

Proof. Consider the sets C; and C;41 in Line 8. Note that the set C; is not the
original color class C; that was generated by COL-PROPER(G), since its size is
less than C'. We have 0 < |C;| < C < |Cji41]|. The graph induced by C; and C;41
is 2-colorable unit circular-arc graph. Hence, the union C; U C;41 is a cycle or
a union of disjoint simple paths in G. If C; U C;41 is a cycle, it should contain
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Algorithm 1. Algorithm SCHEDULE - scheduling when L?J > C.

1: Run COL-PROPER(G).
2: fori=1to x*—1do
while |C;| > C do
Schedule a C-group T' C C.
C;, =C;\T.
end while
if C; # 0 then
Find an independent set S C (C;UC; 1) of size C such that (C;UC;41)\
S is also independent. { Ezistence guaranteed by the Replacement Claim}
9: Schedule S
10: Ci+1 = (Ci+1 U Ol) \S
11:  end if
12: end for
13: Schedule the C-groups and leftover group contained in C-.

w

the same number of edges from C; and from C;;1, contradicting the fact that
|Ci| < C < |Ciy1]. Hence, C; U C;y1 is a union of disjoint simple paths in G. In
each path the difference between the number of vertices from each color classes
is zero or 1.

We apply the following iterative “balancing” procedure to obtain S. The pro-
cedure partitions Cz @] Oi+1 into Sl and SQ. Initially, Sl = Cz and SQ = OZ‘+1,
so |S1| < C < |S2]. In each iteration, arcs are moved between S; and Sy so that
|S1] increases by one and |Ss| decreases by one. The invariant that S; and S
are a partition of C; U C;41 into independent sets is always kept. The balancing
procedure stops as soon as the size of one of the sets S; or Ss is C.

Consider an iteration of the procedure in which |S1| < |Sz2|. The moving of
arcs proceeds as follows. Pick an odd path P in which [Sy; N P| > |S1 N P|. We
update the sets S1, Se as follows: S1 = (S1\ P)U(PNSs2), So = (S \ P)U(PNS1).

We remark that the proof of the above claim implies an efficient algorithm to
find the required set S, hence Algorithm SCHEDULE is polynomial.
In the appendix we present an efficient scheduling algorithm for the case that

;‘J > 2C'. This algorithm captures the intuition that if the color classes are

large, then a leftover can be augmented by arcs from the next color class to fill a
time slot.

2.2 A Practical Heuristic: Spiral Scheduling

The most time consuming part of the algorithm for C-MBL is the coloring of the
graph by procedure COL-PROPER(G). In this section we present an algorithm
called SPIRAL that avoids the coloring step. SPIRAL is based on Tucker’s algorithm
for coloring circular-arc graphs. Thanks to the unit length of the arcs, the imple-
mentation of SPIRAL is easier than the implementation of Tucker’s algorithm.
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SPIRAL has three major steps: ordering the arcs, coloring, and scheduling. We
begin by describing the ordering step. Consider a representation of a circular-arc
graph using a circle and arcs of the circle. We define the load of a point P on
the circle to be the number of arcs that contain P. We order the arcs in spiral
ordering as follows: (i) Set A; to be an arc whose starting point has the biggest
load. (ii) Initially, all arcs but A; are unmarked. For every ¢ between 1 and n—1,
set A;+1 to be the unmarked arc whose starting point is the closest to the end
of A;. We refer to an order generated by the sorting as a spiral ordering.

We now describe the coloring step. Given a spiral ordering Ay, ..., A, of the
arcs, the arcs are colored by iteratively “peeling” a maximal prefix of arcs that is
an independent set. Each such maximal prefix is assigned a new color. In other
words, initially A is the set of all arcs. In iteration 4, pick a maximal prefix P; of
A that is independent. Color P; with the color 7, and update A « A\ P;. This
procedure is repeated until A is empty.

In the scheduling step each color class is simply partitioned into C-groups and
perhaps a leftover group.

In the case of unbounded capacity, this algorithm simply reduces to Tucker’s
algorithm. Therefore, even for the unbounded capacity case the algorithm is not
optimal. We prove that SPIRAL is a constant ratio approximation algorithm.

Claim. The approximation ratio of SPIRAL is no bigger than 3.

Proof. Let x7(G) denote the number of colors used in the coloring step. Let
£5(G) denote the length of the schedule computed SPIRAL. We claim that

n

C

Indeed, there are at most 7, slots with ' arcs and there is at most one leftover
group from each color class.

The claim now follows from Theorem [ and from the fact that x7(G) < 2-x*
(this was proved by Tucker [T1]).

L(G) < | +xr(G).

Suppose that subsets of C' consecutive arcs in the spiral ordering are indepen-
dent. In this case, after spiral ordering we could peel off a prefix of C arcs in
each step to obtain an optimal schedule. Hence, a variation of SPIRAL leads to
an optimal schedule if this condition holds.

Consider the following two conditions: (i) C'- A < /2 and (ii) The number of
clients is proportional to the angle of a section, provided that the angle is large
(say, m/4). Under such conditions most C' consecutive arcs are independent,
and the actual approximation ratio of the algorithm is much better than the
theoretical bound. We believe that these two conditions hold in practice.

The running time of SPIRAL is dominated by the time to compute the spiral
ordering which is 6(nlogn). This is more efficient than the optimal algorithm
whose running time is 6(n? logn).
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3 The Non-uniform Capacitated Minimum Broadcast
Length Problem

In this section we deal with non-uniform demands, i.e., the NU-C-MBL problem.
We prove that NU-C-MBL is N P-Hard, and present a simple 3-approximation
algorithm for it.

Claim. The NU-C-MBL problem is N P-Hard.

Proof. We reduce bin-packing to NU-C-MBL. Consider a set {1,...,n} of ele-
ments, where the size of element i is s; € [0, 1]. Reduce this bin-packing instance
to an NU-C-MBL instance by constructing a set of n pairwise disjoint arcs, where
the demand d; of the ith arc is s;. Finally, set the antenna’s capacity to be C' = 1.
Since there are no coloring constraints on this graph, every packing induces a
valid schedule, and vice-versa.

We present a 3-approximation algorithm for NU-C-MBL called NCMBL-APP.
The algorithm NCMBL-APP starts with an optimal coloring calculated by
COL-PROPER(G). Next the algorithm schedules the messages in each color class
C; independently as follows: (i) Sort the messages in C; according to their de-
mands in non-increasing order. (ii) Partition the C; into time slots by “peeling”
off maximal prefixes with demand at most C. The algorithm could try to add
messages to fill gaps in previous time slices, but the analysis does not take this
into account.

The correctness of NCMBL-APP follows from the fact that each color class is
an independent set. The following claim bounds the approximation ratio of the
NCMBL-APP.

Claim. The approximation ratio of NCMBL-APP is at most 3.

Proof. Consider the schedule computed by NCMBL-APP. Note that every time
slot, except perhaps for the last time slot in each color class, is at least half full.
Indeed, let j be a time slice that is not the last time slice of the color class C;.
Let D; be the sum of demands of all the messages that was scheduled to time
slice j. Let d’ be the demand of the first message that was scheduled to time
slice j + 1. Note that there is a message in time slice 7 whose demand is at least
d’', since the messages are sorted in non-increasing demand order. Therefore if
d > C/2, then D; > C/2. If d < C/2, then because this message was not
assigned to time slice j we get that: D; > C —d' > C—C/2=C/2.

It follows that there is at most one time slot per color class that is not half
full. Let £ denote the length of the schedule computed by NCMBL-APP. We obtain

l < [072—‘ + x* < 3-¢*, and the claim follows.

4 Discussion and Open Problems

There are many open problems regarding smart antennas, and we outline here
just a few. First, the assumption of unit arc-length may not hold for more com-
plicated cases. Such cases may occur either due to the antenna’s abilities or
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due to environmental conditions. Therefore, both capacitated models should be
generalized to arbitrary circular-arc graphs.

We note that an approximation algorithm for capacitated coloring follows
from an approximate coloring algorithm. Let £* denote the length of an opti-
mal schedule and x* the chromatic number of the collision graph. By parti-
tioning each color class into slots of size C' and a possible leftover, it follows
that £ < [ 2] + x* (see the claim that bounds the approximation ratio). This
implies also that a p-approximation for the chromatic number, leads to (1 + p)-
approximation for capacitated coloring (with unit demands). In the case of
non-unit demands, a p-approximation algorithm for coloring, leads to a (2 + p)-
approximation algorithm.

The transmission model used in this paper is simple since we ignored physical
effects such as reflections and side lobes. In order to take into account such
effects, the model should be extended as follows. (i) Each message m; defines a
set of disjoint arcs. (ii) Two messages m;, m; can be transmitted concurrently
only if every pair of arcs a; € m;, a; € m; do not intersect (or if the amount
of overlapping is limited). The collision graph that corresponds to this problem
is more complicated, and finding an optimal schedule is an interesting open
question even for the case where the number of arcs per message is constant.

Finally, improving the approximation factor for NU-C-MBL is interesting, since
such an algorithm may be useful for more complicated models.
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A A Scheduling Algorithm for Big Color Classes

In this section we present an optimal scheduling algorithm for the case that

HJ > 2C.

Definition 1. Let C;,C; be two disjoint independent sets in a unit circular-arc
graph. The sets S; C C; and S; C C; C-agree if: (i) S; U S; is an independent
set, and (i1) |S; US| = C.

We now present an algorithm called BIG to handle the “big classes” case. We first
compute an optimal balanced coloring by calling COL-PROPER(G). The algorithm
BIG proceeds with x* —1 iterations. In the first iteration it does the following. (i)
Partition the color class Cy into C-groups, and a leftover group S;. (ii) Schedule
the C-groups. (iii) Find an independent set So C Cy that C-agrees with S;. The
existence of Sy is proved in the next claim. Moreover, finding S is easy: simply
take a a subset of Sy that are not neighbors of S7. A listing of BIG appears as
Algorithm 2l Since all slots, but perhaps the last slot, contain C' arcs, Algorithm
BIG computes a schedule whose length is | 7, |. Hence, we only need to prove the
following claim.

Claim. There is always a set S;11 C C;11 that C-agrees with the leftover subset
of CZ

Proof. Let S’ and S” denote two disjoint independent sets of arcs in a unit
circular-arc graph G. We first show that if S” is contained in the set I'(S’) of
neighbors of S’, then [S”| < 2-|S’|. Assume otherwise, then there exists an
arc v € S’ that intersects at least 3 arcs vy, v9,v3 € S”. The arcs vy, v, v3 are
independent. Therefore u must strictly contain one of these arcs (i.e., the middle
arc). However, this contradicts the fact that all arcs are of unit length.
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Algorithm 2. Algorithm BIG - handles the “big classes” case
1: Run COL-PROPER(G).
2: fori=1to x*—1do
3:  Schedule the C-groups in what remains of C; {Scheduled messages are
removed from C;}

4: if C; # () then

5: Find a set S; 11 C Ci41 that C-agrees with C; {see claim below}
6: Schedule S;+1 U}, and remove S;41 from Ciyq

7:  end if

8: end for

9: Schedule the C-groups and the leftover group in what remains of C,-.

Consider the subset that remains of the color class C; in Line 4. Let r denote
the size of this leftover. By definition, » < C. By the previous paragraph, it
follows that the number of arcs in C;y; that intersect arcs in S; is at most 27.
Since |Ciy1| — 2r > 2C — 2r > C' — r, we conclude that |Ciy1 \ I'(S;)] > C —r.
Hence, there are enough arcs in C;11 \ I'(S;) to be added to Sit1.

We remark that the proof of the claim induces a linear time algorithm to find
the required set S;41; simply add the first C' — ¢ arcs that do not intersect S;.



On Minimizing the Number of ADMs - Tight
Bounds for an Algorithm Without Preprocessing

Michele Flammini', Mordechai Shalom?, and Shmuel Zaks?*

! Universita degli Studi dell’Aquila Dipartmento di Informatica, L’ Aquila-Italy
flammini@di.univaq.it
2 Department of Computer Science, Technion, Haifa-Israel
{cmshalom, zaks}@cs.technion.ac.il

Abstract. Minimizing the number of electronic switches in optical net-
works is a main research topic in recent studies. In such networks we
assign colors to a given set of lightpaths. Thus the lightpaths are parti-
tioned into cycles and paths. The switching cost is minimized when the
number of paths is minimized. The problem of minimizing the switching
cost is NP-hard, and approximation algorithms have been suggested for
it. Many of these algoritms have a preprocessing stage, in which they first
find cycles. The basic algorithm eliminates cycles of size at most [, and
is known to have a performance guarantee of OPT + }(1 4+ €)N, where
OPT is the cost of an optimal solution, N is the number of lightpaths,
and 0 < e < Hl_z, for any given odd I. Without preprocessing phase (i.e.
I = 1), this reduces to OPT + §N . We develop a new technique for the
analysis of the upper bound and prove a tight bound of OPT + gN for
the performance of this algorithm.

Keywords: Wavelength Assignment, Wavelength Division Multiplex-
ing(WDM), Optical Networks, Add-Drop Multiplexer(ADM).

1 Introduction

1.1 Background

Given a WDM network G = (V, E) comprising optical nodes and a set of full-
duplex lightpaths P = {p1,pa,...,pn} of G, the wavelength assignment (WLA)
task is to assign a wavelength to each lightpath p;.

In the following discussion we also assume that each lightpath p € P is con-
tained in a cycle of G. Each lightpath p uses two ADM’s, one at each endpoint.
Although only the downstream ADM function is needed at one end and only the
upstream ADM function is needed at the other end, full ADM’s will be installed
on both nodes in order to complete the protection path around some ring. The
full configuration would result in a number of SONET rings. It follows that if
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two adjacent lightpaths are assigned the same wavelength, then they can be used
by the same SONET ring and the ADM in the common node can be shared by
them. This would save the cost of one ADM. An ADM may be shared by at
most two lightpaths. A more detailed technical explanation can be found in [IJ.

Lightpaths sharing ADM’s in a common endpoint can be thought as concate-
nated, so that they form longer paths or cycles. Each of these longer paths/cycles
does not use any edge e € E twice, for, otherwise they cannot use the same wave-
length and this is a necessary condition to share ADM’s.

1.2 Previous Work

Minimizing the number of electronic switches in optical networks is a main re-
search topic in recent studies. The problem was introduced in [I] for ring topol-
ogy. An approximation algorithm for ring topology with approximation ratio
of 3/2 was presented in [2], and was improved in [3/4] to 10/7 + € and 10/7,
respectively.

For general topology [5] describes an algorithm with approximation ratio of
1.6. The same problem was studied in [6] and two algorithms are proposed for
the solution: The MCC — WS algorithm is proven to have a performance of
OPT + gN where OPT is the cost of an optimal solution, and N is the number
of lightpaths. In the same work another algorithm (which we name PIM(1))
with a preprocessing phase where cycles of length at most [ are included in the
solution is shown to have performance guarantee of

1 1
PT 1 N <e< 1
0 +2( + €)N, O_e_l+2 (1)

for any given odd [. This result was improved to 2113 <e< 3(ll+2) in [7].
2

Substituting [ = 1, gives raise to an algorithm without preprocessing, namely

IM = PIM(1), with performance of OPT+ 2 N according to [6] and OPT+ {3 N

according to [7].

1.3 Owur Contribution

In this work, using a novel technique, we improve the analysis of algorithm 7M.
We prove a tight bound of OPT + §N for the performance of I M, namely

OPT+;(1+6)N, 6:;—). @)

An interesting fact is that this bound matches exactly the performances
proven for the EM Z algorithm in [5] and the performance of algorithm MCC —
WS in [6].

In Section 2l we describe the problem, in Section [B] we introduce some prelim-
inary results. The algorithm is presented in Section @l In Sections [ and [6] we
present our upper and lower bounds, respectively.
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2 Problem Definition

An instance « of the problem is a pair « = (G, P) where G = (V,E) is an
undirected graph and P is a set of simple paths in G. Given such an instance
we define the following:

Definition 2.1. The paths p,p’ € P are conflicting or overlapping if they have
an edge in common. This is denoted as p < p'. The graph of the relation < is
called the conflict graph of (G, P).

Definition 2.2. A proper coloring (or wavelength assignment) of P is a func-
tion w : P +— N, such that w(p) # w(p') whenever p < p’.

Note that w is a proper coloring if and only if for any color ¢ € N, w™1(c) is an
independent set in the conflict graph.

Definition 2.3. A walid chain (resp. cycle) is a path (resp.cycle) formed by
the concatenation of distinct paths po,p1,...,pk—1 € P that do not go over the
same edge twice. Note that the paths of a valid chain (resp. cycle) constitute an
independent set of the conflict graph.

Definition 2.4. A solution S of an instance « = (G, P) is a set of chains and
cycles of P such that each p € P appears in exactly one of these sets.

In the sequel we introduce the shareability graph, which together with the con-
flict graph constitutes another (dual) representation of the instance a. Except
for one particular case, we will use the dual representation of the problem.

Definition 2.5. The shareability graph of an instance a = (G, P), is the edge-
labelled multi-graph G, = (P, E,) such that there is an edge e = (p, q) labelled u
n E, if and only if p % q, and u is a common endpoint of p and q in G.

Example: Let a = (G, P) be the instance in Figure[ll Tts shareability graph G,
is the graph at the left side of Figure

In this instance P = {a, b, ¢, d, e}, and it constitutes the set of nodes of G,. The
edge set is E, = {(b,c,u),(d,e,v), (a,c,w), (a,b,x),(a,d,x), (b e, x),(d,e,x)},
because b and ¢ can be joined in their common endpoint u, etc.. Note that, for
instance (b,d,x) ¢ E,, because although they share a common endpoint z, b
and d can not be concatenated, as they have the edge (z,u) in common. The
corresponding conflict graph is the graph at the right side of Figure[2l It has the
same node set and the edge set is {(c,d), (b,d), (c,e), (a,e)}. The paths ¢,d € P
are conflicting because they have a common edge, i.e. (u,v), etc.

Note that the edges of the conflict graph are not in F,. This immediately
follows from the definitions.

Note also that, for any node v of G,, the set of labels of the edges adjacent to
v is of size at most two.
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Fig. 1. A sample input
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Fig. 2. The shareability and conflict graphs

Definition 2.6. A wvalid chain (resp. cycle) of G, is a simple path po, p1, ..., Pk—1
of Gu, such that any two consecutive edges in the path (resp. cycle) have distinct
labels and its node set is properly colorable with one color (in G), or in other
words constitutes an independent set of the conflict graph.

Note that the valid chains and cycles of G, correspond to valid chains and cycles
of the instance. In the above example the chain a, d which is the concatenation of
the paths @ and d in the graph G, corresponds to the simple path a,d in G, and
the cycle a, b, ¢ which is a cycle formed by the concatenation of three paths in
G corresponds to the cycle a, b, c in G,. Note that no two consecutive labels are
equal in this cycle. On the other hand the paths b,a,d can not be concatenated
to form a chain, because this would require the connection of a to both b and d
at node x. The corresponding path b, a,d in G, is not a chain because the edges
(b,a) and (a,d) have the same label, namely z.

Definition 2.7. The sharing graph of a solution S of an instance a = (G, P),
is the following subgraph Gos = (P,Eg) of Go. Two lightpaths p,q € P are
connected with an edge labelled u in Eg if and only if they are consecutive in a
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chain or cycle in the solution S, and their common endpoint is u € V.. We will
usually omit the index « and simply write Gs. d(p) is the degree of node p in Gg.

In our example, S = {(a, d)(b, e), (¢)} is a solution with three chains. The sharing
graph of this solution is depicted in Figure[Bl Note that for a solution consisting
of chains of size at most two, the distinct labelling condition is satisfied vacuously,
and the independent set condition is satisfied because no edge of G, can be edge
of the conflict graph. Another possible solution is S’ consisting of the cycles
(a,b,c) and (d, e), the corresponding sharing graph contains two cycles (a, b, ¢)
and (d, e). In this case we need to check that the remaining two conditions are
satisfied. Indeed, no two consecutive labels are equal and each cycle constitutes
an independent set of the conflict graph.

Fig. 3. A possible solution

We define: 4
Vi e {0,1,2},Dy(S) < {p e Pld(p) = i}

and
di($) < 1Di(9)].

Note that do(S) + d1(S) + d2(S) = |P] = N.

An edge (p, q) € Es with label u corresponds to a concatenation of two paths
with the same color at their common endpoint u. Therefore these two endpoints
can share an ADM operating at node u, thus saving one ADM. We conclude
that every edge of Eg corresponds to a saving of one ADM. When no ADMs
are shared, each path needs two ADM’s, for a total of 2N ADMs. Therefore the

cost of a solution S is
cost(S) =2|P| — |Es| = 2N — |Eg|.

The objective is to find a solution S such that cost(S) is minimum, in other
words |Fg| is maximum.



On Minimizing the Number of ADMs - Tight Bounds for an Algorithm 7

3 Preliminary Results

In this section we observe some basic properties of solutions which are indepen-
dent of the algorithms used.

Given a solution S, d(p) < 2 for every node p € P. Therefore, the connected
components of Gg are either paths or cycles. Note that an isolated vertex is a
special case of a path. Let Pg be the set of the connected components of Gg that
are paths. Clearly, |Es| = N — |Pg|. Therefore

cost(S) = 2N — |Eg| = N + |Ps|
Let S* be a solution with minimum cost. For any solution S we define

def do(S) —da(S) —2[Ps-
e(s) = ™ 2N .

Lemma 1. For any solution S
1
cost(S) = cost(S*) + 2N(l + ¢(9)).

Proof. Clearly |Eg«| = N — |Pg=|. On the other hand 2|Eg| is the sum of the
degrees of the nodes in Gg, namely

2 |Es| = dl(S) —|—2d2(5) =N — do(S) +d2(S)

We conclude:

N —do(S) +da2(5)

cost(S) — cost(S*) = |Eg+| — |Eg| = N — |Pgs«| — 9
- N do(S)—dz(S)—Q‘,PS*
T 2

do(S) — da(S) — 2[Ps-

N(” N )

The following definition extends the concept of a chord from cycles to paths.

Definition 3.1. Given an instance a = (G, P) and a solution S of a, an edge
(p,q) of Gu is a chord of S if both p and q are in the same connected component
of Gs and (p,q) ¢ Es.

Lemma 2. For every instance o = (G, P) there is an optimal solution S* with-
out chords.

Proof. Note that any two solutions S1,S2 of « such that cost(S1) = cost(Ss),
have the same number of chains, whereas the number of cycles may differ. Let
S* be a solution with maximum number of cycles among the solutions with
minimum cost, i.e. optimal. We will prove that S* satisfies the claim.
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We claim that there is no node v € V and no chain (resp. cycle) C of S*, such
that v is used more than once as an endpoint of a paths in C'. Assume the con-
trary. Consider two occurrences of v in C. It is impossible that C'is a path and v
terminates both ends C. In this case C can be closed to a cycle, and get a solution
with one path less, contradicting the optimality of S*. Consider the sequence of
paths between these two occurrences of v. This is a valid cycle, say C’. Consider
the solution S’ obtained by taking S* and separating C' into two parts. The first
part is C” and the second part is the sequence obtained by the concatenation of the
paths before the first occurrence of v with the paths after the second occurrence
of v, where one of these but not both may be empty. S’ has the same number of
paths as S*, therefore cost(S") = cost(S*), therefore optimal. Moreover, S’ has
one more cycle than S*, contradictory to the way S* was chosen.

Assume that (p,q) is a chord of S*. Let = be its label. Then x is an endpoint
of both p and ¢. Because (p, q) is a chord, (p,q) ¢ Es+, in other words p and ¢
do not have the node x as common endpoint in this connected component. Then
x appears at least twice in the connected component, a contradiction. Therefore
there are no chords of S*. O

4 Algorithm IM

In this section we give a short description of the algorithm in [2], without pre-
processing. The algorithm begins with chains consisting of single nodes/l (which
are always valid). At each iteration, we try to combine a maximum number of
pairs of chains to obtain longer chains (in fact, less chains). This is done by con-
structing an appropriate graph and computing a maximum matching on it. The
algorithm ends when the maximum matching is empty, namely no two chains
can be combined to a longer chain.

Phase 0) Eg =10
// the chains of (g are isolated nodes.
Phase 1) Do {
Build the graph G/, in which each node is a chain of Gg
and there is an edge labelled u between two chains if and
only if the chains can be merged into one bigger chain
by joining them at a common endpoint wu.
//In the first iteration G/, =G,
Find a maximum matching MM of G/ .
For each edge e = (c¢,¢’) of MM 1labelled u do {
Merge the corresponding chains into one chain
by joining them in the common endpoint wu
// Note that the chains may have an additional
// endpoint, say v, which is not affected

}
} Until MM = 0.

1 'We use the dual representation, in which an element p of P is referred as a node (of
Ga), and a path refers to a path of Ga.
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For completeness, we briefly argue about the correctness of the algorithm:
After Phase 0, the chains of S consist of single nodes. Trivially, these are valid
chains. At each iteration of Phase 1, a new chain is constructed only if it is valid,
because edges are added to G/, only if the corresponding chains can be merged
into one chain. Each edge of a matching represents a valid merging operation.
Moreover two such valid operations do not affect each other, because each such
operation is performed on two chains matched by an edge of some matching.
Therefore after each iteration the solution consists of valid chains.

5 Upper Bound

We will modify the algorithm IM so that its performance can be only worse
and then analyze a solution returned by the modified algorithm. We make two
modifications:

— The algorithm performs only two iterations.

— In the second iteration instead of a maximum matching the algorithm finds
a maximal bipartite matching where one set are isolated nodes of Gg and
and the second set of nodes are paths of length one in Gg.

After the first iteration Gg contains isolated nodes and paths of length one.
After the second iteration Gg contains paths of length at most two.

In the sequel S is a solution returned by the modified algorithm and S* is an
optimal solution without chords, whose existence is guaranteed by Lemma [2

We direct each edge of Gg~, such that each path becomes a directed path
and each cycle becomes a directed cycle. The direction chosen for every path
(resp. cycle) is arbitrary. Let 55* be the digraph obtained by this process.
Unless otherwise stated, d;y,(p) and dout(p), denote the in and out degrees of p
in 55*, respectively. Clearly, Vp € P, d;,(p) < 1 and doyt(p) < 1. The following
definitions refer to 55* : _

LAST™ is the set of nodes that do not have successors in G g+, namely

LAST* & {p € Pldyui(p) = 0} .

Note that |[LAST*| = |Pg-|.

The functions Next* and Prev* are defined as expected: Next* (resp. Prev*)
maps a node p to the next (resp. previous) node in E)S* whenever such a node
exists, namely:

Next* : P\ LAST* — P
and Nexzt*(p) is the unique node u such that there is an edge from p to u in
65*. Prev* = Next* .

Let MM be the maximum matching found by the algorithm in the first iter-

ation of Phase 1. We make the following observation:
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Observation 5.1

— a) An edge e = (p,q) € Es such that d(p) = d(q) =1 is in M M.
— b) Letp,q,r be a mazimal path of Gs. We can assume that either e = (p,q) €
MM and e’ = (q,7) ¢ MM or vice versa.

Proof.

— a) Assume e ¢ MM, then at the end of the first iteration d(p) =

d(g) = 0. This implies that M M is not a maximum matching, a contradic-
tion.

— b) Obviously, either e or ¢’ is in M M. Otherwise one of them can be added
to MM and augment it. Assume e € MM, then ¢’ ¢ MM. MM' = MM —
{e} U {e'} is a maximum matching too. As the algorithm may return any
maximum matching in its first phase we may equally assume that MM’ is
the matching returned in the first phase and e is added to the solution in a
subsequent phase. a

Using the notation in Lemma [Il we will prove

Theorem 1. For any solution S returned by algorithm I M

cost(S) < cost(S*) + ?N.

Proof. We partition Dg(S) into the sets A, B, C and D using the following clas-
sification procedure CLASSIFY:
Given p € Dy(S), CLASSIFY finds a sequence f(p) = (po, p1, --.) of elements

of P.

CLASSIFY(p € P) {

— Po=Pp
— For ¢ > 1 do:

a)lf p;_1 € Dy(S) then p € A, f(p) = (po,-..,pi—1), return.

b)If p;_1 € LAST* then p € B, f(p) = (po,-..,pi—1), return.

c)If there is a node repeated at least twice in the sequence py, ..., pi—1
then p € C, f(p) = (po,-.-,Pi—1), return.

d)If i is even:

If p;_1 € D1(S) then
p; is the (unique) neighbor of p;_; in Gg,
else /* p;_1 € Do(S) */
pe D7 f(p) = (p07 "'7pi71)7 return.
e-If i is odd:
p; = Next*(p;—1). // note that this is always possible because p;—1 ¢
LAST*.
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Clearly, the above procedure terminates, with a finite sequence f(p) = (po, ---,
pi—1)- This is because in each iteration of the loop, either the procedure ends, or
a node is added to the sequence. P is finite, therefore, eventually a node will be
added twice to the sequence, unless we terminate earlier. Whenever this happens
the procedure terminates in the next iteration.

We define the following sets which will be useful in the sequel.

Eoaa = {(pj,p; +1) € Ey|j is odd }

Eeven = {(pj7pj + 1) S Ea‘j is even }

Note that nodes are added to f(p) only in steps d) and e). By inspection of the
code of these steps we conclude E,qq C Fs and Eeypen, C Egx.

MM’
MM

pP=po p1 P2 ps3 Pi2 Pi-1

Fig. 4. Case D is impossible

Claim. D = 0.

Proof. Assume p € D. Then the classification procedure CLASSIFY (p) ends
with a sequence p = py, ..., p;—1 such that p;_1 € Dg(S) (see Figure H)). py and
pi—1 are isolated vertices of Gg and the other nodes are of degree one. Then
E,ia € MM C Eg. Note also that i is even. Then MM’ = MM \ Eygq U Eepen
is a matching such that |[MM’'| = |M M| + 1; in other words pg,...,p;—1 is an
augmenting path for the maximum matching M M, a contradiction.

Claim. The sets f(p) are pairwise disjoint.

Proof. Assume by contradiction that p # ¢ and f(p) N f(q) # 0. Let r be the
first element of f(p) in the intersection. Recall that d(r) € {0,1,2}.We consider
the three cases separately:

— d(r) =0: p,q € D is impossible by Claim [fl Therefore a node with degree 0
may appear ounly as the first node. Then, the only degree 0 node in f(p) is
p and the only degree 0 node in f(g) is ¢. Then p = r = ¢, a contradiction.
— d(r) = 1: We divide this case into subcases:
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e 7 has odd index in one of the sequences (say f(p)) and even index in the
other(say f(¢)). In this case the path (p = po,p1,.--, 75 -, 41,90 = q) 18
an augmenting path for MM, a contradiction. (See figure B).

e 7 has odd indices in both sequences. In this case prev(r) € f(p) N f(q),
and has an index lower than r in f(p), a contradiction.

MM’

a=ao I

Fig. 5. d(r) = 1, with different indices

e 7 has even indices in both sequences. Let r’ be the unique neighbor of r
in Gs. Then ' € f(p)N f(g) and occurs before r in f(p), a contradiction.

— d(r) = 2: In this case, the procedure ends at step a), for both p and g.

Therefore p,q € A. Let v’ and 7 be the neighbors of r in Gg. We consider
three subcases as before:

e 7 has odd index in one of the sequences (say f(p)) and even index in the
other(say f(q)). One of ', 7" isin f(q). Without loss of generality assume
" € f(q). Then d(r') = 1. Therefore (', r,r") is a maximal path in Gs
(see Figure [6). By Observation [5.1] we may assume (r,7') € MM and
(r,7"") ¢ MM. Then q = qo,q1,...,7,7,...,p1,P0 = D iS an augmenting
path for M M, a contradiction.

e 7 has odd indices in both sequences. In this case prev(r) € f(p) N f(q),
and has an index lower than r in f(p), a contradiction.

e 7 has even indices in both sequences (see Figure [7]). Then without loss
of generality ' € f(p) and 7’ € f(q). Therefore d(r') = d(r") = 1.
Therefore (r',r,7"") is a maximal path in Gs. We may assume (r,7’) €
MM and (r,7") ¢ MM. Then the path ¢ = gog1...r", is an augmenting
path, a contradiction.

Claim. If p € C then |f(p)| > 5.

Proof. Let p € C. Then, the node p;_; is the first node repeated twice in the
sequence, namely 3j < ¢ — 2 such that p; = p;_1. First, we will prove that i is
even: Assume 7 is odd, then (pi—2,pi—1) = (Pi—2,P;j) € Eoda (see Figure [)). If
j = 0 then d(p) = d(po) > 1, a contradiction. If j > 0 then d(p;) > 2, in this
case the procedure would have stopped earlier in step a), and then p € A, a
contradiction.
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MM'

o .

Fig. 7. d(r) = 2 with even indices

Therefore |f(p)| = |[{po, .., pi—2}| =i — 1 is odd. If j = 0 then f(p) is a cycle
of G, otherwise f(p) contains a cycle of G, denoted by c(p). In the latter case

f(p) is called a spoon and h(p) = f()\ ¢(p) is the handle of the spoon (see
Figure @)). | f(p)| > 1, because a self loop in G, can not be a simple path of G.
Assume by contradiction that |f(p)| = 3. Then f(p) is a cycle {p, ¢, 7} (see figure
[I0). In this case u # v, for rpq is in a connected component of Gg«. Then x is
different from at least one of u,v. Assume w.l.o.g  # u. Then (p,q) could be
added to the Fg in the second iteration. Therefore d(p) > 1, a contradiction.

We claim that |e(p)| > 5. Assume, by contradiction that c¢(p) is the cycle
{p,q,r} as in Figure [0l Then we consider two cases. Either the edge (g,7)
labelled z is a chord, a contradiction, or it is in Eg-, then ¢(p) is a cycle of the
optimal solution. In this case one of the edges (p, q), (p, ) would be added to Eg
in the next iteration of the algorithm. We conclude |f(p)| > |c(p)| > 5.

Now we complete the proof of the lemma:

— For p € A, f(p) contains exactly one node p’ # p from D5 (S). Therefore
[A] < |D2(5)] = da(9).
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p=po ps pis pi2

i=0

Fig. 8. i cannot be even

O—0—0— 00—
piz P=po  p2 . pi-2

Fig. 10. A cycle of length 3

— For p € B, f(p) contains exactly one node from LAST*. Therefore |B| <
|LAST™|.
— For p € C, f(p) contains at least 5 nodes, therefore |C| < N/5.

Dy(S) = Aw By CWD, then:
do(S) = |Al +|B] +[C| + |D| < da(S) + [LAST"[ + N/5

€(S) = do(S) — da(S) — 2 |Ps- - do(S) — da(S) — |LAST™| L
N N 5
This combined with Lemma [} completes the proof. O

6 Lower Bound

Theorem 2. There are infinitely many instances (G, P) and solutions S re-
turned by PIM (1), such that

cost(S) = cost(S™) + (3/5)N.
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Proof. For each natural number k, consider the instance which is obtained by
duplicating k times the instance depicted in Figure[ll The algorithm may return
k copies of the solution depicted in Figure [3 because the matching consisting
of the edges {(a,d), (b,e)} is a maximum matching. If the algorithm finds this
maximum matching in the first iteration, it will not be able to extend it in
any manner in the next phase and the algorithm will terminate Gg being this
maximum matching. We therefore have

do(S) = k,d2(S) =0, |Ps«| =0, N = 5k
and do(S) — dao(S) — 2[Pse| 1
_ ap(9) —az(5) — S|
e(S) = N = _.
This, together with Lemma [I] implies the claim. a
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Abstract. In this paper we improve the quality of a recently suggested
class of construction heuristics for the Asymmetric Traveling Salesman
Problem (ATSP), namely the Contract-or-Patch heuristic. Our improve-
ment is based on replacing the selection of each path to be contracted
after deleting a heaviest arc from each short cycle in an Optimal Assign-
ment Problem Solution (OAPS) by contracting a single arc from a short
cycle in an OAPS with the largest upper tolerance with respect to one
of the relaxed ATSP. The improved algorithm produces higher-quality
tours than all previous COP versions and is clearly outperforming all
other construction heuristics on robustness.

Keywords: Traveling Salesman Problem, Tolerances, Construction
Heuristics.

1 Introduction

The Traveling Salesman Problem (TSP) is the problem of finding a shortest tour
through a given number n of locations such that every location is visited exactly
once. The cost of traveling from location 7 to location j is denoted by c(4, 7).
These costs are called symmetric if ¢(i,j) = ¢(j,i) holds for each pair of cities
1 and j, and asymmetric otherwise. If the costs are symmetric, we refer to the
TSP as symmetric TSP (STSP) and if the costs are asymmetric, as asymmetric
TSP (ATSP). A TSP instance is defined by the entries of an n x n matrix
C = llefi. )l

Tour construction heuristics build a tour without attempting to improve it
once it is constructed. They can be used to provide starting tours for local
search and branch and bound algorithms or to find approximate solutions of
the ATSP when little time is available. It is important to note that heuristics
of this type are usually very fast and therefore are positioned differently from
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more expensive ATSP approximation techniques such as truncated branch-and-
bound [18] and improvement heuristics [12]. Glover et al. [2] have proposed three
new tour construction heuristics, one of which, Contract-or-Patch (denoted by
COP), has been shown to be a robust heuristic for a variety of classes of ATSP
instances. COP combines modifications of two other heuristics, Recursive Path
Contraction (RPC) [2], and Greedy Karp-Steele Patching (GKS), denoted by
COP/GKS. A poor feature of COP/GKS is its considerable programming com-
plexity which implies comparatively high computation complexity. The request
to reduce this complexity has motivated Gutin and Zverovich [9] to analyze com-
parative performance of COP/GKS and a combination of COP with the simpler
Karp-Steele Patching (KSP) algorithm, denoted by COP/KSP. Note that both
heuristics, namely COP/GKS and COP/KSP perform very similarly in terms
of the quality of tours they produce and their running times. The simplicity of
COP/KSP makes it a good candidate for replacing COP/GKS in most, if not
all, potential applications. Based on a computational study of all possible COP
versions, Gutin and Zverovich [J] have introduced an expansion of contracted
arcs and have shown that two updated heuristics KSP/COP and GKS/COP pro-
duce higher quality tours compared to the original COP/KSP and COP/GKS
procedures. All of the above mentioned heuristics are contracting all remaining
paths after deleting a heaviest arc from each short cycle in an optimal assignment
problem solution and include all paths into the unknown heuristic solution. A
drawback of this strategy is that costs of deleted arcs are no accurate indicators
whether those arcs are excluded from a “good” TSP solution. In [6] and [I8§], it
is shown that tolerances are better indicators. An upper (lower) tolerance of an
arc is the cost of excluding (including) that arc from (in) the optimal solution at
hand. Although the concept of tolerances has been applied for decades (in sensi-
tivity analysis; see e.g. [7] and [16]), only Helsgaun’s version of the Lin-Kernighan
heuristic for the STSP applies tolerances (see [11]).

In this paper we introduce an improved version of the GKS/COP algorithm,
which applies a criterion based on approximated upper tolerances for selecting
the arcs to be contracted instead of the costs based criterion and keep the GKS
unchanged. We perform a computational evaluation of this new heuristic denoted
by GKS/TBCOP, and show that it produces higher quality tours compared to
the original KSP/COP procedure. We also perform an extensive computational
study of the impact of a COP parameter, the threshold, on tour quality and
running time of both versions of COP and TBCOP, and recommend a robust
choice for the value of the threshold. The evaluation is performed on a diverse
set of ATSP instances, comprising nine different families of instances of which
seven are exactly the same as in Glover et al. [2] and Gutin and Zverovich [9].

Our paper is organized as follows. In the next section we briefly describe
the Contract-or-Patch algorithms COP /KSP, COP/GKS, KSP/COP, and GKS/
COP introduced in [2] and [9]. In SectionBlwe present our tolerance based version
of the Contract-or-Patch heuristic. The results of computational experiments
are reported in Section @l The conclusions and future research directions are
discussed in Section
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2 Contract-or-Patch Heuristics

The Contract-or-Patch class of heuristics suggested in Glover et al. [2] and re-
cently improved in Gutin and Zverovich [9] is based on two operations: contrac-
tion and patching after solving the Assignment Problem (AP) as a relaxation of
the ATSP. (For undefined graph theory terminology see e.g., Bang-Jensen and
Gutin [1].)

A feasible solution of the AP is called a cycle cover, an optimal solution with
respect to cost function ¢ minimum cycle cover. A minimum cycle cover consists
of a number of cycles F = {C1,...,Cx} and can be computed in O(n?) with
the Hungarian method (see e.g. [I3]). The length of a cycle C, = {a1,...,a4}
for each p =1,...,k is the number ¢ of arcs a; with [ = 1,...,q included in the
cycle Cp. In terms of the ATSP a feasible AP solution requires that each city
will be visited exactly once without necessarily creating a single (Hamiltonian)
cycle. The purpose of COP heuristics is to transform a minimum cycle cover
into a Hamiltonian cycle (tour) with its total costs as close as possible to the
shortest Hamiltonian cycle by recursive application of three operations, namely
the contraction, recontraction (expansion of all contracted arcs), and patching.

Let us define all of these three operations in terms of the weights (costs) of the
given complete weighted directed graph G = (V(G), A(G), ¢) with the vertex set
V(G)={1,...,n}, arc set A(G) ={(4,7) : i,5 € V(G)}, weight (cost) function
¢ = c(i,j) for all (i,5) € A(G), and minimum cycle cover F = {C4,...,Cj} with
k>1land2<|C,| <n—2foreachp=1,...,k and Z;Zl\C’M =n.

Contraction: Given the directed path P = vivs...vs with 2 < s < n —3
obtained after the deletion of a single arc from the cycle C,. The operation of
contraction of P leads to the new graph Gp with V(Gp) = (V(G) U {p}) \
{v1,v2,...,vs}, where p is a new vertex. The weight cp(x,y) of an arc (z,y) of
the graph Gp is defined as

clz,y) fax#Fpandy#p
cp(z,y) =4 c(vs,y) Hfz=pandy#p
c(z,v1) ifrz#pandy=0p

The special case of contracting an arc (z,y) means contracting the path zy of
length one.

Recontraction (expansion): Given a contracted graph Go = (V(G¢), A(Ge))
with ' = {C1, ..., Ck} and the set of new (recursively contracted) vertices p1, . . .,
p¢ included in F'. The operation of recontraction (expansion) of F' recursively re-
places each contracted vertex p; for all { = 1,...,¢ by its path from the original
graph G leading to a new cycle cover with the same number k of cycles.

Patching: The operation of patching two cycles C; and Cj from F with i # j
is defined as follows: two fixed arcs (x;,y;) € C; and (z;,y;) € C; are deleted
and two arcs (z;,y;) and (xj,y;) joining the cycles together are added. The
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cost of patching C; and C; using (z;,y;) and (z;,y;) is defined as §(C;,C;) =
c(zi,y;) ez, yi) — (e(zi, y:) + (x4, y5)), e, 6(Ci, C;) is the difference between
the sum of the costs of the inserted arcs and the sum of the costs of the deleted
arcs. The following two versions of patching algorithms are introduced in [2], the
KSP (Karp-Steele-Patching) (see also [14], [I5]) and the GKS (Greedy Karp-
Steele-Patching).

Algorithm 1 (KSP)

1 Solve the AP with a minimum cycle cover F.

2 Patch two longest cycles (i.e. cycles with most vertices) of F' (the two arcs
are chosen in such a way that the patching costs become minimum).

3 Repeat step 2, until the current cycle cover is a Hamiltonian cycle.

Algorithm 2 (GKS)

1 Solve the AP with a minimum cycle cover F.

2 Patch two cycles of F (the two cycles and the two arcs are chosen in such a
way that the patching costs become minimum,).

3 Repeat step 2, until the current cycle cover is a Hamiltonian cycle.

In [2] it is shown how GKS can efficiently be implemented with updating
techniques so that it is nearly as fast as KSP.

If the minimum cycle cover at hand isn’t a Hamiltonian tour — note that the
ATSP is solved otherwise —, Glover et al. [2] suggested to apply recursively a
sequence of contraction and patching operations to the current minimum cycle
cover with purpose to transform the minimum cycle cover into a Hamiltonian
cycle. Their algorithm is as follows.

Algorithm 3 (COP/KSP and COP/GKS)

1 Choose a threshold t.

2 Solve the AP with a minimum cycle cover F'.

3 If there is a cycle with length at most t (a short cycle), delete a heaviest arc
in every short cycle, contract the obtained paths (only in the short cycles),
and go to step 2.

4 Apply KSP or GKS to transform F into a Hamiltonian cycle H.

5 Expand (recontract) the arcs of F contracted on step 3.

Swapping the steps 4 and 5, leads to the following modifications of COP/KSP
and COP/GKS (see Gutin and Zverovich [9]).

Algorithm 4 (KSP/COP and GKS/COP)

1 Choose a threshold t.

2 Solve the AP with a minimum cycle cover F'.

3 If there is a cycle with length at most t (a short cycle), delete a heaviest arc
in every short cycle, contract the obtained paths (only in the short cycles),
and go to step 2.
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4 Expand (recontract) the arcs of F contracted on step 3.
5 Apply KSP or GKS to transform F into a Hamiltonian cycle H.

Based on the results of computational experiments, Gutin and Zverovich
[9] show that KSP/COP and GKS/COP give considerably better results than
COP/KSP and COP/GKS because the recontraction operations in KSP/COP
and GKS/ COP create more long cycles to be patched compared to the cy-
cles of COP/ KSP and COP/GKS. Gutin and Zverovich [9] proposed that the
KSP/COP algorithm with the threshold value of two (in their notation three)
can serve as a good universal tour construction heuristic for the ATSP.

3 Tolerance Based Contract-or-Patch Heuristic

The concept of our version of the Contract-or-Patch heuristic is based on the
tolerance problem for the AP as a relaxation of the ATSP. The tolerance problem
for the AP with an optimal solution 7y is the problem of finding for each arc
e = (i,j) € E the maximum decrease [(e) and the maximum increase u(e) of
the arc cost c(e) preserving the optimality of 7y under the assumption that
the costs of all other arcs remain unchanged. The values of I(e) and u(e) are
called the lower and upper tolerances, respectively, of an arc e with respect to
the optimal solution 7y and the function ¢ of arc costs. Goldengorin et al. [45]
showed that the upper and lower tolerance do not depend on the chosen optimal
AP solution. Furthermore all upper tolerances (see Turkensteen et al. [I8]) as
well as all upper and lower tolerances (see Volgenant [19]) of an optimal AP
solution can be computed in O(n?) time.

With purpose to decrease the computational complexity of upper tolerances
for an optimal AP solution from O(n?) time to O(n?) time, we have decided to
use the following approximation of the upper tolerances for the AP (for details
and motivation see [3]):

Let c[i, j1(¢)] and c[i, j2(¢)] be the smallest and the second-smallest entries in
row ¢ of the costs matrix ||c(4, j)|| representing the weights of arcs in the original
graph G. The (approximated) upper tolerance of an arc (4, ) in the optimal AP
solution is defined as c[i, j2(i)] — c[i, j], if 7 = j1(i), and c[i, 51 (2)] — c[i, 7] (a
negative value!), otherwise.

Now, our version of the tolerance based Contract-or-Patch heuristic looks as
follows:

Algorithm 5 (GKS/TBCOP)

1 Choose a threshold t.

2 Solve the AP with minimum cycle cover F.

3 If there is a cycle with length at most t (a short cycle), contract one arc
(only in the short cycles) with the largest approximated upper tolerance, and
go to step 2.

4 FEzpand the arcs of F' contracted on step 3.

5 Apply GKS to transform F into a Hamiltonian cycle H .
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The main distinction of GKS/TBCOP with respect to all COP versions is
that after each solution of the AP the GKS/TBCOP contracts only a single
arc instead of all paths, e.g., in the KSP/COP. This distinction leads to the
relatively larger execution times, but on average returns Hamiltonian tours with
essentially better quality.

Furthermore, we use the following observation in our implementation. If the
contracted arc is an arc of a cycle of length larger than two, then the optimal
AP solutions found before and after contraction are the same. Hence, in this
case it is not necessary to resolve the AP again. This observation leads to very
small CPU times for asymmetric instances (see Section @), because in this case
the length of most cycles in an optimal AP solution is larger than two.

4 Computational Experiments

The algorithms were implemented in C under Linux and tested on an Genuineln-
tel Intel® Xeon™ 3.2GHz machine with 4 GB of RAM.

We have used the implementation of the currently best heuristic KSP/COP of
Gutin and Zverovich [9] and our implementation of the GKS/TBCOP heuristic.
In both implementations the code of Jonker and Volgenant [I3] for solving the
AP is incorporated. Both heuristics have been tested on the following 9 classes
of instances with the value of threshold varied from 2 to 7. The first seven classes
of instances are exactly the classes from [2], class 8 is the class of GYZ instances
introduced in [§] for which the domination number of the greedy algorithm for
the ATSP is 1 (see Theorem 2.1 in [§] and [3]) and class 9 are 40 JGMYZZ
examples from [12]. The exact description of the 9 classes is as follows.

1 All asymmetric instances from TSPLIB [I7] (26 instances).

2 All symmetric instances from TSPLIB [I7] with a dimension smaller than
3000 (99 instances).

3 160 asymmetric instances with ¢(i, j) randomly and uniformly chosen from
{0,1, ..., 100000} for i # j.

4 160 asymmetric instances with ¢(7, j) randomly and uniformly chosen from
{0,1, ... -5} for i # j.

5 160 symmetric instances with ¢(7,j) randomly and uniformly chosen from
{0,1, ..., 100000} for i < j.

6 160 symmetric instances with ¢(7, j) randomly and uniformly chosen from
{0,1,...,ij} fori< j.

7 160 sloped plane instances with given x;, ;,¥;, y; randomly and uniformly
chosen from {0,1,...,i-j} for i # j and

c(i,j) = \/(ﬂfi — ;)% + (ys — y;)? —max{0,y; —y;} +2-max{0,y; — uy;}

for i # j.
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Table 1. Average excess over optimum, AP, or HK, and average time
CL 1 (26)|| CL 2 (99) ||ClL 3 (160)||Cl. 4 (160)
Opt.|[Time|| Opt. [Time|| AP |Time|| AP |Time
% | sec. % |sec. || % |sec. || % |sec.
KSP 4.2510.01 || 61.45| 0.08|| 4.31|0.88 || 2.27| 1
KSP/COP(2) [4.38]0.01 || 66.67| 0.14| 3.22/0.93| 1.65| 1.05
KSP/COP(3) [9.33]0.01 | 71.64| 0.11|| 2.73|0.96 || 1.38| 1.09
KSP/COP(4) [6.71]{0.02 | 74.04| 0.1 || 2.42| 1.01 | 1.25|1.09
KSP/COP(5) |8.58[0.02]] 77.6 | 0.1 || 2.21[1.01 | 1.2 | 1.26
KSP/COP(6) |9.73]0.02 || 77.64] 0.09|[ 2.06] 1.03 || 1.11] 1.18
KSP/COP(7) [9.03[0.02 || 78.47] 0.09][ 2.02[0.99 || 1.02[ 1.1
GKS 3.3610.01 || 61.02] 1.29|| 4.23|0.98 || 2.23| 1.09
GKS/TBCOP(2)[3.24| 0.02 || 57.45]10.03]| 3.18]1.05 || 1.65| 1.19
GKS/TBCOP(3)[3.24|0.02 || 54.47]10.3 || 2.58| 1.11 || 1.38] 1.3
GKS/TBCOP(4)[7.61|0.02 || 55.74]{10.02] 2.27| 1.13 || 1.25] 1.33
GKS/TBCOP(5)[8.26( 0.02 || 57.74/10.57|| 2.08[1.19|| 1.2 | 1.44
GKS/TBCOP(6)[8.75[0.02 || 64.92] 8.95[| 1.9 [1.14 || 1.11 1.4
GKS/TBCOP(7)|8.57|0.02 || 66.16| 8.71|| 1.83|1.14 || 1 1.43
CL 5 (160) || CL 6 (160) || Cl. 7 (160) ||CL. 8 (200)| Cl. 9 (288)
HK |Time|| HK |Time || AP | Time || AP |Time||AP/HK| Time
% | sec. % sec. % | sec. % | sec. % sec.
KSP 460.95| 0.91(|379.54| 1.01|[42.37| 1.46| 0 0.25(| 30.62 0.3
KSP/COP(2) 43.16] 0.93|| 38.89| 1.03||50.42| 2.61|| O 0.25|] 12.04 0.64
KSP/COP(3) | 43.23| 0.96|| 38.88| 1.08||57.04| 1.95|| 0.04| 0.96|| 13.51 0.65
KSP/COP(4) | 43.2 | 0.95]| 38.93| 1.03||59.3 1.85|| 0.04| 1.25|| 14.57 0.64
KSP/COP(5) | 43.51| 0.93]| 39.05| 1.04(/60.56| 1.79| 0.07| 1.27| 15.71 0.65
KSP/COP(6) | 43.62| 0.96|| 39.17| 1.03|/61.92| 1.74|| 0.06| 1.5 || 16.67 0.65
KSP/COP(7) | 44.05| 0.93|| 39.59| 0.98|/63.44| 1.62|| 0.09| 1.47|| 17.63 0.63
GKS 362.21| 7.83((139.98| 7.41|(46.78| 7.72|| 0 0.3 || 26.35 1.43
GKS/TBCOP(2)| 12.51]69.46|| 12.76|123.73||42.5 |543.88|| O 0.3 7.44 | 33.09
GKS/TBCOP(3)| 12.29|71.06|| 12.79|127.07((49.25|473.91|| O 16.4 7.63 | 31.02
GKS/TBCOP(4)| 12.44]69.21|| 12.83|123.88]|51.34|432.79|| 0 14.66 8.31 | 30.81
GKS/TBCOP(5)| 12.32|75.53|| 12.92|132.73||53.11|436.37|| 0 |14.36|| 8.95 | 30.39
GKS/TBCOP(6)| 12.17|68.43|| 13.07|118.87||54.05(397.26|| 0 |14.26|| 9.44 | 30.02
GKS/TBCOP(7)| 12.13]67.48]|| 13.23|118.94(|55.16|383.49|| 0 14.17 9.7 29.44

8 GYZ instances (see Theorem 2.1 in [§])

c(i,j) =

n
n-min{i,j} + 1,

n3,

1M,
2
-1,

fori=n,j=1;

forj=i+1,i=1,2,...,n—1;

fori=3,4,....n—1;5=1;

otherwise

for each dimension 5,10, ..., 1000 (200 instances).
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Table 2. Excess for all asymmetric TSPLIB instances (class 1), part 1

brl7 p43 ry48p ft53 f{t70 ftv33 ftv35s ftv38 ftv44

Dim. 17 43 48 53 70 34 36 39 45

KSP 0 0.11 6.99 1299 1.88 13.14 1.56 1.5 7.69
KSP/COP(2) 5.13 0.18 9.62 13.05 2.1 731 1.36 1.31 8.18
KSP/COP(3) 112.82 0.75 11.93 15.73 2.1 10.19 1.36 1.31 11.53
KSP/COP(4) 0 3.24 1499 15.73 1.9 17.03 9.3 16.41 10.66
KSP/COP(5) 0 3.24 14.99 14.03 2.45 23.79 16.84 19.28 10.66
KSP/COP(6) 0 0.66 14.99 14.03 3.17 23.79 19.69 19.28 15.5
KSP/COP(7) 0 0.66 14.99 14.03 3.17 23.79 19.69 15.69 15.5
GKS 0 0.32 4.52 1231 2.84 809 1.09 1.05 5.33
GKS/TBCOP(2) 0 0.32 293 14.34 2.48 809 1.15 1.05 6.7
GKS/TBCOP(3) 0 0.62 2.93 1298 1.76 8.16 1.36 1.05 6.7
GKS/TBCOP(4) 107.69 2.33 3.75 12.98 1.51 6.77 4.89 6.21 3.22
GKS/TBCOP(5) 107.69 2.33 6.08 12.61 1.07 18.58 10.52 6.21 3.22
GKS/TBCOP(6) 107.69 0.2 6.08 12.61 1.07 18.58 16.63 6.21 3.22
GKS/TBCOP(7) 107.69 0.2 6.08 12.61 1.24 18.9 1847 6.21 3.22
ftv47 ftvh5 ftved ftv70 ftv100 ftv110 ftv120 ftv130 ftv140

Dim. 48 56 65 71 101 111 121 131 141

KSP 3.04 3.05 3.81 3.33 352 541 7.62 5.46 4.46
KSP/COP(2) 49 3.86 3.32 1.38 6.21 6.38 8.36 542 5.29
KSP/COP(3) 4.9 8.15 1.96 5.69 7.72 6.59 854 5.59 5.99
KSP/COP(4) 8.67 7.34 468 5.69 7.72 6.89 854 559 5.99
KSP/COP(5) 9.91 11.94 4.51 11.79 11.69 6.54 9.7 10.23 6.49
KSP/COP(6) 9.91 11.94 5.98 18.82 23.88 6.54 9.7 11.31 6.49
KSP/COP(7) 9.91 11.94 832 18.82 6.43 6.54 10.3 11.31 6.49

GKS 1.69 3.05 261 287 531 567 512 49 4.67
GKS/TBCOP(2) 4.05 0.19 0.76 0092 4.14 455 536 4.03 3.88
GKS/TBCOP(3) 4.05 0.06 0.76 092 4.14 455 849 4.03 3.93
GKS/TBCOP(4) 557 0.06 0.76 092 4.14 455 849 4.03 4.42
GKS/TBCOP(5) 5.57 0.06 0.82 2.67 3.75 4.19 512 3.73 4.13
GKS/TBCOP(6) 5.57 0.06 0.82 4  3.75 4.19 512 3.73 4.13
GKS/TBCOP(7) 5.57 0.06 0.82 492 3.75 419 512 3.73 4.13

9 JGMYZZ instances (see [12]). There are 12 problem generators from [12]
called tmat, amat, shop, disc, super, crane, coin, stilt, rtilt, rect, smat, and
tsmat. Each of these generators yields 24 instances, 10 of dimensions 100 and
316, 3 of dimension 1000, and 1 of dimension 3162 (288 instances).

The 160 instances of the classes 3, 4, 5, 6, and 7 are composed of 10 instances for
each dimension 100, 200, ..., 1000 and 3 instances for each dimension 1100, 1200,
..., 3000, respectively.

Table [l gives the average excess of the heuristic solutions above the optima for
the TSPLIB classes 1 and 2 for which the optima are known (see [I7]), the AP
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Table 3. Excess for all asymmetric TSPLIB instances (class 1), part 2

ftv150 ftv160 ftv170 kro124p rbg323 rbg358 rbgd03 rbg443

Dim. 151 161 171 100 323 358 403 443
KSP 475 171 24 1611 0 0 0 0
KSP/COP(2) 479 2383 236 1043 0 0 0 0
KSP/COP(3) 586 354 236 726 0 0 0.61 0
KSP/COP(4) 6.17 246 417 1065 0 0 0.61 0
KSP/COP(5) 7.12 339 392 20.1 0 017 024 0
KSP/COP(6) 7.12 3.39 3.92 20.1 0 138 097 051
KSP/COP(7) 712 339 392 20.1 0 138 07 051
CGKS 433 149 138 869 0 0 0 0
GKS/TBCOP(2) 349 25 305 1022 0 0 0 0
GKS/TBCOP(3) 398 253 305 819 0 0 0 0
GKS/TBCOP(4) 398 246 301 606 0 0 0 0
GKS/TBCOP(5) 3.72 298 276 692 0 0 0 0
GKS/TBCOP(6) 3.72 298 276 1433 0 0 0 0
GKS/TBCOP(7) 372 298 276 649 0 0 0 0

lower bound for the asymmetric classes 3, 4, 7, and 8, and the HK (Held-Karp)
lower bound [I0] for the symmetric classes 5, 6, and 9, respectively. Additionally,
it gives the average execution times for all tested instances per class.

Table [Il shows that in almost all cases we get an essential improvement in
quality, if we compare the algorithms with the same thresholds — in the first
column of Table[T], the heuristics are parameterized by the threshold value used.
For the asymmetric classes 1, 3, 4 we reach this target in comparable runtime.
For the symmetric and nearly-symmetric classes 2, 5, 6, 7, 8, 9 we receive a
very large improvement in quality by spending more CPU times. The reason for
the large CPU times is that the current AP solution includes a large number of
cycles with length 2 and hence the GKS/TBCOP should resolve a large number
of APs. As mentioned in Section [, in most cases of the asymmetric instances
the current AP solution does not include cycles with length 2 and hence the
GKS/TBCOP uses a slightly updated current AP solution.

It can be seen in Table [ that for all classes of instances except classes 3 and 4
the quality of tours returned by the KSP/COP and GKS/TBCOP deteriorates
when the threshold is increased. The only cases when increasing the threshold
clearly results in shorter tours are the random asymmetric classes 3 and 4. For
these classes the tours produced even with small threshold values are already
very close to the lower bound. This suggests that a small value of the threshold
will result in the best all-round performance. Gutin and Zverovich [9] recommend
for the KSP/COP that the threshold value of two is used as a good universal
choice. For our GKS/TBCOP the threshold value of two is also a good universal
choice. This is also demonstrated by Table[2] and Bl which give an overview of the
quality of both algorithms for all 26 asymmetric TSPLIB instances (class 1).
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To summarize, the GKS/TBCOP heuristic with the threshold parameter fixed
to 2 appears to be a reliable tour construction heuristic for a wide variety of
families of ATSP instances.

5 Conclusions and Future Research Directions

In this paper we have proposed a tolerance based version of the Contract-or-
Patch heuristic, denoted by GKS/TBCOP, for finding high quality Hamiltonian
cycles (tours) for the ATSP, and have shown that it offers an improvement over
the currently best KSP/COP heuristic in the quality of the tours it produces.
Hence, we have confirmed that the largest upper tolerance of an arc is a better
indicator for the insertion of such an arc in the unknown heuristic solution
compared to the deletion of an arc with the largest cost. We have performed an
extensive computational evaluation of both heuristics.

The most essential improvement in quality on average at least by the factor 3
is attained on the classes of symmetric and almost-symmetric instances but the
CPU times become high (on average by the factor 97). This drawback of our GKS/
TBCOP heuristic could be excluded if we find an efficient update of the current
Assignment Problem (AP) solution after contracting an arc from a cycle of length
2 similarly to our update after contracting an arc from a cycle of length at least
3. We have studied the influence of the COP parameter, threshold, on the quality
of the tours and the execution times produced by both heuristics. The results of
our evaluation have shown that the costs based COP heuristics perform very simi-
larly to their tolerance based counterparts only for the pure asymmetric instances.
Based on the results of our computational experiments, we have proposed that the
GKS/TBCOP heuristic with the threshold value of two can serve as a good tour
construction heuristic.

An interesting direction of research is to study the relationships between dif-
ferent measures of symmetry of an ATSP instance — that is, e.g., the degree
of symmetry which is defined as the fraction of off-diagonal entries of the cost
matrix ||e(Z, 7)|| that satisfy ¢(i,j) = ¢(j,4). Another direction is to consider
the number of cycles of length 2 which appear in the optimal AP solution with
purpose to predict the computational times of finding high quality Hamiltonian
cycles by the GKS/TBCOP heuristic.
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Abstract. We contribute to the study of inferring commercial relation-
ships between autonomous systems (AS relationships) from observable
BGP routes. We deduce several forbidden patterns of AS relationships
that impose a certain type of acyclicity on the AS graph. We investigate
algorithms for solving the acyclic all-paths type-of-relationship problem,
i.e., given a set of AS paths, find an orientation of the edges according to
some types of AS relationships such that the oriented AS graph is acyclic
(with respect to the forbidden patterns) and all AS paths are valley-free.
As possible AS relationships we include customer-to-provider, peer-to-
peer, and sibling-to-sibling. Moreover, we examine a number of problem
versions parameterized by sets K and U where K is the set of edge types
available for describing explicit pre-knowledge and U is the set of edge
types available for completion of partial orientations. A complete com-
plexity classification of all 56 cases (8 type sets for pre-knowledge and
7 type sets for completion) is given. The most relevant practical result is
a linear-time algorithm for finding an acyclic and valley-free completion
using customer-to-provider relations given any kind of pre-knowledge.
Interestingly, if we allow sibling-to-sibling relations for completions then
most of the non-trivial inference problems become NP-hard.

1 Introduction

Numerous studies (e.g., [7f9/14] to name only few) have exposed that, in order
to understand the dynamics of Internet inter-domain routing, it is not sufficient
to possess deeper knowledge of the AS graph, i.e., the physical-connection topol-
ogy among autonomous systems (ASes). Rather, most importantly, local rout-
ing policies of independent administrative domains and their interplay based
on business relations have a critical influence on route (in)stability and routing
quality. As business contracts are intentionally considered to be commercial se-
crets, many researchers have proposed methods to elicit this crucial information
indirectly (see, e.g., [2B3J4T6/12]).
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In [], the seminal work on inferring contractual relationships on basis of sets
of AS paths observable from BGP updates, heuristic approaches were devised
to classify relationships into customer-to-provider, peer-to-peer, and sibling-to-
sibling. A key observation is that, under rational economic behavior, AS paths
exhibit a regular, so-called valley-free structure, i.e., after traversing a provider-
to-customer or peer-to-peer edge, the AS path cannot traverse a customer-to-
provider or peer-to-peer edge. Thus, each path has some top provider. To identify
top providers in AS paths, heuristics follow basically two evident assumptions
(see, e.g., [A6IT3]):

A Providers are much larger than customers in terms of infrastructure.
B The size of an AS is proportional to its degree in the AS graph.

In principle the algorithms in [4] iteratively search for vertices with maximum
degree in a given AS path set to identify top providers. This approach has been
further elaborated in [I2/16]. Degree-based heuristics are certainly practicable if
we are able to get a representative sample of all AS paths of the Internet (see
[1] for a critical discussion). But, due to their over-sensitivity to path sets, they
have weaknesses in well-defined analytical test situations.

A purely combinatorial treatment, neither involving A nor B, is done in [2].
There, the authors describe a linear-time algorithm solving the all-paths type-of-
relationship problem, suggested in [12]: given a path set P, is there an orientation
of the edges (indicating provider-to-customer or customer-to-provider relation)
such that all paths of P are valley-free. The algorithm is based on a reduction
to 2-SAT which is well-known to be solvable in linear time. In contrast, finding
an orientation maximizing the number of valley-free paths is not polynomial-
time approximable within factor O(n'~¢) (unless NP = ZPP). Positively, for
path lengths at most ¢, there is a polynomial-time algorithm with approximation
ratio Z;} (sometimes better via SDP for MAX 2-SAT). Though computationally
elegant and robust, these algorithms often lead to unrealistic relationships (i.e.,
well-known global providers appearing as customers of small ASes [3]).

To get closer to reality, several proposals have been made. One of them calls
for partialness-to-entireness algorithms [I6J2]. The basic idea is to infer the en-
tire AS relationships from partial information obtainable from data sources other
than BGP paths (see, e.g., [TI/T6]). Another proposal links degree-based heuris-
tics and combinatorial optimization by considering weighted MAX 2-SAT with
weights depending on degree gradients [3]. Positive experimental results suggest
the fruitfulness of incorporating degree information into a combinatorial set-
ting. Nevertheless, over-sensitivity to path sets when using assumption B is still
problematic.

Our contribution also lies in the middle of the heuristic and the combinato-
rial approaches to the inference problem. Instead of using both assumptions A
and B, we will only employ assumption A to avoid path-set over-sensitivity. The
size rule A (and some similar one’s) bears enough information to impose a global
structure on oriented AS graphs. In Section [3] we deduce several unrealistic re-
lationship patterns which we will forbid to appear in AS graph orientations.
A fundamental pattern of this type is an oriented cycle within the graph, as
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Fig. 1. All valley-free orientations for path set {(1,2,3), (2,3,4),(3,4,1), (4,1,2)}

this would imply that some provider is its own customer. Acyclic orientations
are constructed by the degree-based heuristic approach of [4/I2]. In contrast,
the 2-SAT-based algorithm generally constructs cycles due to the internal com-
putation of strongly connected components. As an example, Figure [I] shows a
path set for which all valley-free orientations (restricted to customer-to-provider
relationships) impose a cycle on the AS graph. However, as a prerequisite for
studies related to the Internet topology (see, e.g., [B]) acyclicity is a requirement
for realistic AS relationships.

In this paper, we focus on algorithms solving the acyclic all-paths type-of-
relationship problem (AcycrLic ToOR), i.e., given a path set, find an orientation
of the edges according to some types of AS relationships such that the oriented
AS graph is acyclic (with respect to our forbidden patterns) and all AS paths
are valley-free. As possible AS relationships we include customer-to-provider,
peer-to-peer, and sibling-to-sibling. Furthermore, we meet the partialness-to-
entireness requirement. We examine a number of versions AcycLic ToR (K, U)
where K is the set of edge types available for describing explicit pre-knowledge
and U is the set of edge types available for completion of partial orientations. In
Section [l we give a complete complexity classification of all 56 cases (8 type sets
for pre-knowledge and 7 type sets for completion). The most relevant practical
result is a linear-time algorithm for finding an acyclic and valley-free completion
using customer-to-provider relations given any kind of pre-knowledge. Interest-
ingly, if we allow sibling-to-sibling relations for completions, then most of the
non-trivial inference problems become NP-hard.

2 An Abstract Model of BGP

We briefly describe a simple, abstract model of inter-domain routing in the
Internet using BGP (see, e.g., [T5[7/4]).

2.1 The Selective Export Rule

The elementary entities in our Internet world are IP addresses, i.e., bit strings
of prescribed length. An autonomous system (AS) is a connected group of one
or more IP prefixes (i.e., blocks of contiguous IP addresses) run by one or more
network operators which has a single and clearly defined routing policy. An
AS aims at providing global reachability for its IP addresses. To achieve this
goal, ASes having common physical connections exchange routing informations
as governed by their own local routing policies. BGP is the de facto standard
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IAS v exports to‘ lprovider ‘customer peer sibling
own routes Yes Yes Yes Yes
customer routes||Yes Yes Yes Yes
provider routes ||No Yes No Yes
peer routes No Yes No Yes

Fig. 2. The Selective Export Rule

protocol to manage data traffic between ASes for inter-domain routing as well
as for route propagation.

Reachability in the Internet depends on (physical) connectivity and con-
tractual relationships between ASes. The most fundamental binary business
relationships are customer-to-provider—where the provider sells routes to the
customer—, peer-to-peer—where the involved ASes provide special routes to
their customers but no transit for each other—, and sibling-to-sibling—where
both ASes belong to the same administrative domain. Evidently, sibling-to-
sibling relations are transitive. More peculiar types of relationships appear in
the real world (see, e.g., [4]). We restrict ourselves to the three mentioned types.

More specifically, let V' be a set of AS numbers. For any v € V', let N(v) CV
denote the set of its neighbor ASes, i.e., all numbers of ASes sharing a physical
connection with v. The undirected graph G = (V, E) where E = { {u,v} | v €
N(u) } is called a connectivity graph (at the AS level) or simply AS graph. Let
v € V be any AS. According to the business relationship we divide the neighbors
of v into the sets Cust(v) of all customers of v, Prov(v) of all providers of v,
Sibl(v) of all siblings of v, and Peer(v) of all peering partners of v. Some of the
sets may be empty. We let Sibl(v) contain v as well. Let R(v) denote the set of
all currently active AS paths in the BGP routing table of v, i.e., all AS paths
that have been announced from neighboring ASes at a certain time and never
been withdrawn. Assumed that there are no misconfigurations of BGP, all AS
paths in R(v) are loopless and not including v. Here, we say that an AS path
is loopless whenever between two sibling ASes on the path, no non-sibling AS
is passed. Based on the neighborhood classification, we further divide R(v) into
four categories. A loopless AS path (u1,...,u,) € R(v) is

a customer route of v <=>qer leftmost u; ¢ Sibl(v) lies in Cust(v),
a provider route of v <=ger leftmost u; ¢ Sibl(v) lies in Prov(v),
a peer route of v <=qe¢¢ leftmost u; ¢ Sibl(v) lies in Peer(v),

an own route of v <=qer for all 1 < i < r, u; € Sibl(v).

Now, typically (at least, recommendably), ASes set up their export policies ac-
cording to the Selective Export Rule (see, e.g., [4]) as described in Figure 2l In
our simplified model, the receiving AS gets from an AS those (locally preferred)
routes destined for it, prolongated with the number of the sending AS as the
new leftmost AS number in the path.
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2.2 The Valley-Free Path Model

Valley-freeness is a graph-theoretical consequence of the Selective Export Rule.
Let G = (V, E) be an undirected (simple) graph. We assume that (u,v) € E <
(v,u) € E. A (mixed) orientation ¢ of G is a mapping from F to T where T
denotes the set of possible edge-types. For instance, a directed graph is a graph
oriented with type set T'= {«, —}. We consider type sets having the following
edge-types and interpretations:

indicating a customer-to-provider relationship
indicating a provider-to-customer relationship
— indicating a peer-to-peer relationship

< indicating a sibling-to-sibling relationship

—
—

Throughout this paper, we only consider orientations ¢ that are consistent with
respect to —. That is, for all (u,v) € E if p(u,v) =« then ¢(v,u) =— and if
©(u,v) =— then p(v,u) =«. Thus, if we allow — as a possible edge type, then
we immediately allow < as a possible edge type as well.

We extend ¢ from edges to walks homomorphically. Let (vg,v1,...,vm,) be
any walk in a graph G. Then (vp,v1,...,0,) is defined to be the sequence
o(vo, v1)@(v1,02) - . . @(Vm—1, U ), 1.€., generally a word in {«—,—, —, —}*. We

will typically use regular expressions to describe walk types given an orientation.
An important property of orientations is valley-freeness, which we state here in
terms of regular patterns of paths.

Definition 1. [d] Let G be any graph, and let o(G) be an orientation of G.
A loopless path (vo,...,vm) is said to be valley-free in o(G) if and only if
w(vo, - .-, 0m) belongs to

{—>7<—>}*{<—7<—>}* U {—>7<—>}*—{<—’<—>}*

The valley-freeness of paths abstracts the condition that autonomous systems
never route data from one of their providers to another of their providers because
instead of earning money, they would have to pay twice for these data streams.

Theorem 2. [A] Let G = (V,E) be an AS graph. Let P be any subset of AS
paths of all BGP routing tables, i.c., P C |J,c\ R(v). If all ASes export their
routes according to the Selective Export Rule, then there exists an orientation
of P such that all AS paths in P are valley-free.

3 Acyclicity Conditions

In the previous section, we have seen how some rational economic behavior
implies valley-freeness of locally observable routes in our simple, abstract BGP.
These routes reflect short-term behavior determined by routing policies based
on commercial relationships. Commercial relationships typically are stable over
a longer period and they impose a global structure on the connectivity graph
independent of concrete BGP routes.
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A

Typically, C' is provider of B only if C' is
much larger than B, A is provider of C
only if A is much larger than C. So, B is
not much larger than A. A contradiction
to B being provider of A.

/N

A typical criterion for a peer-to-peer re-
lation is roughly the same size or traffic.
This does not hold if A is much larger than
C and B is much larger than A.

{—>7 _}* - {—>7 _}*

vas

Typically, as B and C are siblings, they
behave like one AS. So, B and C together
are not much larger and much smaller
than A at the same time.

{—)’ <—)}* — {—)’ (—)}*

&S

Typically, C' and A have a peer-to-peer
relation if they are roughly the same size.
The same holds for A and B. So, B should
not be much larger than C.

{_>7 _}* - {_)» _}*

Typically, A and B have a peer-to-peer
relation if A and B together with its sib-
ling C have roughly the same size. So, A is
not much larger than C together with its
sibling B.

{—)’ <—)7 —}* — {—), H’ —}*

L)

Typically, A and C have a peer-to-peer
relation if A and C together with its sib-
ling B have roughly the same size. So, A is
not much smaller than B together with its
sibling C'

{—)’ <—>7 A}* — {*}, (—)’ A}*

Due to the transitivity of the sibling-to-
sibling relation, A and B are siblings. So,
typically, A and B do not have a peculiar
peer-to-peer relation. Note that larger cy-
cles with siblings and at least two peer-to-
peer relations make sense.

()

Due to the transitivity of the sibling-to-
sibling relation, A and B are siblings. So,
A together with its siblings B and C is
not much larger than C together with its
siblings B and A.

{—)’ (—)}* — {—)7 (—)}*

Fig. 3. Forbidden triads and their generalized forbidden patterns
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/\

VAV VA

Fig. 4. Allowed triads

In this section, we summarize common knowledge on business relations be-
tween ASes to obtain a reasonable acyclicity structure within a connectivity
graph. We do so by identifying patterns of oriented cycles which we will forbid
to be contained in the graph. An oriented cycle can be interpreted as someone
being its own provider and customer. In Figures Bl and [, the 16 non-isomorphic
triads of the 64 possible orientations of a complete graph on three vertices are
shown. Figure [ lists 8 forbidden triads together with plausibility arguments
why they are forbidden. The generalizations of the forbidden patterns are fairly
obvious. Plausibility is based on size rules:

1. If AS w is a customer of AS v, then AS u has much smaller size (i.e., number
of routers) than AS v (see, e.g., [AI6/12]). This is assumption A from the
introductory section.

2. If AS w is a peering partner of AS v, then AS u and AS v are roughly of the
same size (see, e.g., [I0]). Moreover, we consider roughly the same size to be
a transitive relation.

3. If AS u and AS v are siblings, then they count as one AS, i.e., we assume
that the size of u is determined by its own number of routers and the number
of routers of all its sibling ASes.

Each of these rules may have its exceptions but they certainly describe typical
behavior. We idealize the BGP world by assuming that all contracts follow these
rules. The union of all generalized forbidden patterns given in Figure [3l leads to
the following definition of an oriented cycle.

Definition 3. Let G be any graph, and let o(G) be an orientation of G. Let C
be any minimal cycle of G, i.e., a cycle that does not contain a vertex twice. C' is
said to be an oriented cycle of p(G) if and only if p(C) belongs to

{— el = {- — o U {— el e{e— e} U of —or.

The minimality of cycles is required since we exactly count occurrences of peer-
to-peer edges in oriented cycles. To complement our view on forbidden triads,
Figure @ shows the 8 allowed triads.

Note that in the case that ¢ does not exhaust the full type set {—, —, <},
the patterns of oriented cycles simplify. For instance, if the type set is {—}, then
we obtain that a minimal cycle C' is an oriented cycle if and only if ¢(C) belongs
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to —* or «* which is the usual understanding of a cycle. As a second example,
if the type set is {«<>, —}, then a minimal cycle C is an oriented cycle if and only
if p(C) belongs to «* — «—*.

We call an orientation acyclic if it contains no oriented cycles. In the forth-
coming we will need fast algorithms for testing acyclicity which are all based on

standard techniques.

Lemma 4. Let K be any subset of {—,—, < }. Testing whether a given graph,
with n vertices and m edges, which is oriented with type set K is acyclic can be
done in time O(n +m).

4 Combinatorial Inference of Relationships

Our central problem is: given any set of BGP routes, is there an orientation such
that all BGP paths are indeed valley-free and the induced connectivity graph
has the additional property of being acyclic? We bring this issue into a very
general, purely combinatorial formulation. Let K and U be two type sets.

Problem:  Acycric ToR (K,U)

Input: Undirected graph G, path set P, partial orientation ¢ given by
an edge set R with labels from K

Output: A completion of the orientation ¢ using only edge types from U
such that the completed orientation, with respect to type set
K UU, contains no cycle and all oriented paths in P are valley-
free, or indicate that such a completion does not exist

Interpretation. Applied to a real-world scenario, G is the AS graph, P stands
for the set of observed BGP routes, e.g., gathered at certain observation points.
The set R is an explicit pre-knowledge we have of certain relations between two
ASes, as observable from several resources on the Internet. The task is to find
a hypothetical valley-free and acyclic orientation in accordance with our pre-
knowledge. In a test setting, G is a BGP-world model, P could be the set of
information made available to BGP speakers, and R could describe a specified
situation with types from K. Here, we want to find an orientation that guarantees
valley-freeness and acyclicity and which does not destroy the given specification.
For this purpose, an appropriate choice of a type set U is useful. The most
important case, of course, is U = {—}.

Input representation. Let N always denote the input size, i.e., N = |[V(G)]|| +
|E(G)| + |P| + |R| where |P| and |R| are the sums of the path lengths in P
and in R. The length of a path with k£ edges is the sum of the lengths of the
k + 1 vertex descriptions. In order to guarantee linear time-bounds for many of
our algorithms, we fix the instance representation. For the sake of simplicity we
assume that all vertices and edges of G actually appear in P, i.e., G = G(P) =
(V(P), E(P)) where V(P) denotes the set of vertices appearing in P and E(P)
denotes the set of edges appearing in P. Thus, N = O(|P|). We use V(p) and
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E(p) to denote V({p}) and E({p}). We suppose that an instance is given as an
adjacency list of an AS graph G(P) with vertex set V(P) and edge set FE(P),
where edges from R are already labeled according to the partial orientation.
Moreover, we assume that the path set is represented as a collection of lists
having cross-links to the corresponding edges in the AS graph and vice versa.
Orientations are stored with the edges in G(P). Since there are not more vertices
and edges in G(P) than appearing in P, this guarantees that we can always test
valley-freeness in time O(N).

U

K — ‘— ‘<—> ‘—>7— ‘—>7H ‘—7<—> ‘—>,—7<—>
0 O(N) O(N) O(N) O(N) O(N) O(N) O(N)

— O(N) O(N) O(N) O(N) NP-hard [O(N) NP-hard
— O(N) O(N) O(N) O(N) NP-hard [NP-hard |NP-hard
— O(N) O(N) O(N) O(N) O(N) O(N) O(N)

-, — O(N) O(N) O(N) O(N) NP-hard [NP-hard [NP-hard
—, O(N) O(N) O(N) O(N) NP-hard [O(N) NP-hard
—, O(N) O(N) O(N) O(N) NP-hard [NP-hard |NP-hard
—, —, < [|O(N) O(N) O(N) O(N) NP-hard [NP-hard [NP-hard

Fig. 5. Complexity classification of Acycric ToR (K,U) for K,U C {—, —, <}

Technical remarks. The complexity of the problem depends on the types of al-
lowed orientations. The basic (and typically considered) combinatorial problem
appears as case K = (), i.e., where we have no pre-knowledge. Without going into
formal details, we easily see that if K C K’, then Acycric ToR (K,U) is com-
putationally not harder than Acycric ToR (K’,U), i.e., an algorithmic upper
bound for Acycric ToR (K’,U) is an upper bound for Acycric ToR (K, U)
and an algorithmic lower bound for AcycLic ToR (K, U) is an algorithmic lower
bound for Acycric ToR (K',U). We say that Acycric ToR (K, U) is NP-hard
if it is NP-hard to decide whether for a given instance of Acycric ToR (K, U),
there is an acyclic and valley-free orientation in the sense of the problem def-
inition. Evidently, if Acycric ToR (K,U) is NP-hard, then for all K O K,
Acycric ToR (K',U) is NP-hard.

Figure [l shows a complete complexity classification of all reasonable cases for
K and U. It is interesting to observe that either there is a linear-time algorithm
for a problem or it is NP-hard. The classification is thus optimal. The most
remarkable results are:

1. Acycric ToR ({—, <, —},{—}) can be solved in time O(N). This result
underlines that the partialness-to-entireness methodology of [16], aside from
producing more and more realistic AS relationships, is a very feasible one.

2. Acycuric ToR ({—},{—,<}) is NP-hard. This is surprising since there is
a linear-time algorithm for Acycric ToR ({—},{—}) and < very often is
a negligible type of relationship.
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Due to page restrictions, we only prove two cases: the fundamental linear-time
case K =0 and U = {—} as well as the simplest NP-hard case K = {—} and
U = {—,<}. The proofs of all other results can be found in the full paper [§].

To obtain a linear-time algorithm for the first case K = ) and U = {—},
the crucial observation is that each vertex appearing somewhere in the middle
of a path has in-degree at least one, valley-freeness supposed. This allows us to
employ a topological-sort approach.

Theorem 5. AcycLric ToR (0, {—}) can be solved in time O(N).

Proof. Suppose we are given a path set P. Let v be a vertex such that, for
each path in P, if v lies on p then v is an endpoint of the path. If G(P) can
be acyclically oriented such that all paths are oriented valley-free then such a
vertex v must exists: for any acyclic orientation of G(P) there must exist at least
one vertex u such that all edges {u,w} are oriented as u — w. Since all paths
are valley-free, u cannot be in the middle of any path because that would result
in an orientation containing «—. Therefore, one vertex v can be forced.

We iteratively reduce the problem by removing such vertices v for all path-
ends and orienting the removed edges away from v as v — w for all neighbors w
in P. (Note that P has changed.) Assume a reduced path (vg, ..., v,,) is oriented
as —*«* then adding v to any end with the edge u,v; or u,v,, oriented as —
results in a valley-free orientation. Furthermore, if the reduced graph is acyclic
then the graph with v added is also acyclic.

A precise description is given as Algorithm [Il Clearly, this algorithm can be
implemented in such a way that its running time is O(|P|). O

Algorithm [1 described in Theorem [l can be extended by additional linear-time
preprocessing phases to handle non-trivial pre-knowledge. The main obstacle
for designing an O(N) algorithm to solve AcycrLic ToR ({—, <, —},{—}) is
the peculiar nature of peer-to-peer relations. In one direction peer-to-peer edges
behave like sibling-to-sibling relations, due to their symmetry, and in another
direction they behave like customer-to-provider relations, due to the forbidden
cycle «* — «*. However, both aspects can be combined to prove that peer-
to-peer relations exhibit a very regular structure, namely they induce globally
a partial ordering among vertex sets and locally a total ordering of peer-to-peer
pairs on each path. This structure is algorithmically exploitable to get rid of
peer-to-peer relations.

We now turn to the second case K = {—} and U = {—, < }. To prove the
NP-hardness, observe that, as sibling-to-sibling relations establish an equiva-
lence relation in any acyclic and valley-free orientation, we obtain a partition
[Bi,...,B;] of V from a given orientation, i.e., a collection of non-empty sub-
sets of V satisfying B; N Bj = () for i # j, and By U---U B, = V, where the
B; are just equivalence classes according to the sibling-to-sibling relation. If the
orientation is not already known to us then we search for suitable candidates for
such partitions. We say that a pair (P, [B1, ..., B;]) is an admissible decompo-
sition of P if and only if [By, ..., B;] is a partition of V such that the path set
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Algorithm 1: Linear-time algorithm for Acycric ToR (0, {—})

Input: Undirected graph G, path set P
Output: Acyclic and valley-free orientation of the induced graph G(P), if it
exists, or indication that it does not exist

foreach vertez v € V(P) do
count(v) := 0
end
foreach p € P do
foreach vertex v € p do
if v is not an endnode of p then
count(v) := count(v) + 1
end

© 00N A WN -

end
end
U:=0
foreach vertez v € V(P) do

e e
N = O

13 if count(v) = 0 then

14 U:=UU{v}

15 end

16 end

17 V=0

18 while U # () do

19 remove a vertex u from U

20 foreach vertex v such that v € V\V' and {u,v} € E(P) do

21 orient {u,v} as u — v

22 foreach p € P such that u and v are neighbors in p do

23 if v has a neighbor w in p on the side opposite to u such that
w €V \ V' then

24 count(v) := count(v) — 1

25 end

26 if count(v) = 0 then

27 U:=UU{v}

28 end

29 end

30 end

31 V' =V'U{u}

32 end

33 if V' # V then

34 return path set P fails to allow an acyclic and valley-free orientation

35 end

obtained by replacing all vertices of the same block with a unique representative
and afterwards removing all multiple occurrences of representatives in all paths,
allows an acyclic and valley-free orientation without <. Notice that this also
requires looplessness of paths. We further define the standard refinement rela-
tion C on partitions which allows us to order partitions. Let [A1, ..., As] and
[Bi, ..., B;] be two partitions of the same set V. We define
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[Al,...,AS]Q[Bl,...,Br] < def (Vz,lgzgs)(ﬂj,lgjSr)[AZQB]]

We easily observe that admissible decompositions behave monotonically with re-
spect to refinements, i.e., if for partitions A and B, A C B and A is an admissible
decomposition of P, then so is B.

Theorem 6. AcycLic ToR ({—},{—,<}) is NP-hard.

Proof. For the proof of the NP-hardness, we use the NP-complete problem
2-IN-3-SAT, i.e., the problem where we ask, given a 3CNF H, whether there is an
assignment to all variables of H such that in each clause exactly two of the three
literals are true. It will be enough to reduce 2-IN-3-SAT to the decision version
of Acycric ToR ({—},{—,«<}). Let H be any 3CNF having m > 3 clauses
C4,...,Cn, each having exactly three different literals, and variables x1, ..., x,.
We construct a path set P on the vertex set {C1,...,Cpn, @1, ..., T, T1,- .., Tn )}
Define the following sets of paths:

Py =get { (C1,C,C3), (Ca,C3,C1), (C3,01,C2) }
U {(C1,C5,C2) | 4<j<m}

Py :def{ (a;i,acj,a:i) ‘ 1 SZ,]SR/\Z#]} U {($17Ci7$1) | 1§z§m}

Py =qaet { (li1, Ci, liz), (liz, Cisliz), (lis, iy lin), (Lin, liz, liz) |
1<i<mAC; ={ln,liz, iz} }

The set P; guarantees that all clause vertices C; belong to the same set, P,
separates the literals from their negated literals, and P; indicates which literals
will be satisfied. Now define P =40 P1 U P> U P3. Note that clearly, P can be
computed in time polynomial in the number of clauses and variables of the input.
We will show that

H € 2-IN-3-5AT <=
(G(P), P,{x1 — x1}) is a solvable AcycLic ToR ({—}, {—, <}) instance.

We prove both directions separately.
For (=),let I : {z1,...,2,} — {0,1} be an assignment to variables witnessing
that H € 2-IN-3-SAT. Define U to be the set

{zi|1<i<nAI(z;))=1}U{a;|1<i<nAI(z;)=0}U{C;|1<i<m}.

Hence, U ={ @; |1 <i<nAI(z;))=1}U{a |1 <i<nAI(z) =0}
Clearly, z1 € U < z1 ¢ U. We are done if we can show that [U,U] is an
admissible decomposition of P. In the following we use U (or U) to denote any
representative of U (or, U, respectively). We consider all path sets individually:

1. Since C; € U for all 1 <4 < m, all paths in P; have the form (U, U, U) which
simplifies to (U).

2. Without loss of generality, suppose z; € U which immediately implies that
x; ¢ U. It follows that the paths of P, have the form (U,U,U) or (U,U,U)
which both simplify to (U, U).
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3. In each clause, exactly two literals are satisfied. Without loss of generality,
suppose that [;, and ;5 are these literals for clause C;. Then, the paths of Ps
that correspond to C; all have forms (U,U,U), (U,U,U), or (U,U,U), thus,
simplify to (U) or (U,U).

Consequently, after eliminating multiple occurrences of paths, P simplifies to a
subset of {(U), (U), (U,U),(U,U)} which, obviously, allows acyclic and valley-
free orientations. Hence, we obtain that (G(P),P,{x1 — x1}) is a solvable
Acycric ToR ({—}, {—, <}) instance.

For («), we assume that (G(P),P,{z1 — z1}) is a solvable instance of
Acycric ToR ({—},{—,«<}), i.e., there exists a decomposition [U,U] C [V]
of P such that 1 € U < x1 ¢ U. Note that we can restrict ourselves to such
2-component decompositions because of the C-monotonicity of admissible de-
compositions. Without loss of generality, we may assume that C; € U. Thus,
{C1,...,Cn} C U because of the definition of P;. Furthermore, we have for all
1<i<n,x; €U & z; ¢ U (otherwise U =V or U = V because of definition of
P,). This allows to define an assignment I : {x1,...,2,} — {0,1} as I(z;) =1
if z; € U and I(z;) = 0 otherwise. We have to prove that I satisfies exactly two
literals in each clause. Let C; be any clause with literals [;1,l;2, and [;3. As there
are paths in P3 having the form (l;;, C;, lix), there is an {;, € U. Without loss of
generality, we assume that [;; is such a literal. Since there exists for each pairs
of literals of C; such a path in Ps, there exists another literal l;; € U, r # s.
Without loss of generality, l;2 is such a literal. Due to the path (l;1, 2, li3) € Ps,
we know that ;3 is not in U. Overall, by definition of I, for each clause exactly
two literals are made true. This shows H € 2-IN-3-SAT. O

5 Conclusion

We studied algorithmic solutions for the acyclic all-paths type-of-relationship
problem. In particular we designed a linear-time algorithm for finding an acyclic
and valley-free completion of a partial orientation of a set of AS paths, that only
uses customer-to-provider relations for completion whereas the partial orienta-
tion can be expressed with arbitrary types of standard AS relationships. Based on
some evident assumptions on the size of ASes, acyclicity conditions are given in
terms of forbidden graph patterns. The algorithm provides prospects for combin-
ing combinatorial methods with more non-combinatorial techniques to explore
the solution space of possible Internet hierarchies. To evaluate the quality of
this algorithm, we plan to supplement the theoretical study of this paper with
experimental investigations. In contrast, permitting sibling-to-sibling relations
for completion makes most of the problem versions NP-hard.

Several algorithmic problems remain open. However, from a theoretical point
of view, the most interesting open question is whether acyclicity of the Internet
hierarchy can be deduced via a game-theoretic analysis. Are acyclically oriented
AS graphs Nash equilibria for classes of network creation games?
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Abstract. We consider the problem of minimizing the total energy as-
signed to nodes of wireless network so that broadcasting from the source
node to all other nodes is possible. This problem has been extensively
studied especially under the assumption that the nodes correspond to
points in the Euclidean two- or three-dimensional space and the broad-
cast range of a node is proportional to at most the « root of the energy
assigned to the node where « is not less than the dimension d of the
space. In this paper, we study the case a < d, providing several tight
upper and lower bounds on approximation factors of known heuristics
for minimum energy broadcasting in the d-dimensional Euclidean space.

1 Introduction

Ad hoc wireless networks are the most popular type of multi-hop networks [T2JT5].
They do not have any wired infrastructure. A communication session is achieved
either through a single hop transmission if the parties are close enough, or through
relaying by intermediate nodes. Omnidirectional antennas are used by all nodes
to transmit and receive signals.

In the most common power-attenuation model [19], the signal power in the
distance r from the transmitter is usually proportional to Tla , where a > 1. One
assumes that all receivers have the same power threshold for signal detection and
consequently that the power required to establish a communication link between
two nodes separated by range r is proportional to r®. Hence, in order to send a
message from one node to another, the sending node needs to emit the message
with enough power such that target node can receive it.

Ad hoc wireless networks are usually powered by very limited electricity re-
sources, e.g., batteries. Therefore low power consumption has become a crucial
issue in the design of routing communication sessions in these networks. In par-
ticular, the problem of minimum-energy broadcasting in ad hoc wireless networks
has gained a lot of attention recently [TIGISIOTAITRITII20]. It consists in design-
ing a broadcast communication session which starts from a distinguished source
node and minimizes the total energy consumption. The combinatorial difficulty
of this problem follows from the observation that relaying signal between nodes

T. Erlebach (Ed.): CAAN 2006, LNCS 4235, pp. 1121241 2006.
© Springer-Verlag Berlin Heidelberg 2006



Minimum-Energy Broadcasting in Wireless Networks 113

may result in lower transmission than communicating over large distance due
to the nonlinear power attenuation, for an illustrating example see [19]. The
problem of minimum energy broadcasting is known to be NP-hard both in its
general graph version [I0] and in its geometric version [6].

The geometric version of the problem where nodes are embedded in the
two-dimensional Euclidean space has been quite extensively investigated. Three
greedy heuristics have been proposed [20]: the minimum spanning tree (MST)
heuristic, the shortest path tree (SPT) heuristic and the broadcasting incremen-
tal power (BIP) heuristic. These heuristics have been evaluated through simu-
lations [20], and a quantitative characterization of their performances has been
first performed by Wan et al. [I9]. In particular, the approximation factor of the
MST heuristic in the plane has been shown to be between 6 [19] and 12.15 [14].
In [6l7] Clementi et al. have shown among other things the first constant upper
bounds and lower bounds (equal to the kissing number) on the approximation
factor of the MST heuristic in the d-dimensional Euclidean space for @ > d.
They have also observed that for o < d, the approximation factor of the MST
heuristic is Q(nl_a/ 4) and posed as an open problem the design of better ap-
proximation heuristics in this case. (Interestingly, for the related problem where
the objective is to construct a minimum energy strongly connected network in-
stead of a directed tree, the corresponding MST heuristic always yields at least
2-approximation [I3].) Flammini et al. [9] have improved the aforementioned up-
per bounds for « > d to the form 39 — 1 and for d = 2 further down to 7.6. The
factor of 7.6 was later further improved down to 6.33 by Navarra [I8]. Recently,
Ambiihl [I] has shown that the MST heuristic in the plane approximates the
optimum within the factor of 6 for @ > 2, improving the upper bound of 6.33
and matching the lower bound from [I9]. Moreover, other heuristics than the
aforementioned ones have been proposed. One of them is the adaptive broadcast
consumption heuristic, which is related to MST but uses also backtracking in
order to modify properly a current solution [I4]. Another heuristic, relying on
directed Steiner tree approach and achieving asymptotically an approximation
factor of O(n€) with € > 0, has been provided by Liang [17].

Furthermore, even approximation algorithms with logarithmic ratios have
been proposed for the more general graph version where the input is a com-
plete directed graph G = (V, E) with a symmetric cost function, i.e., cost(u,v)
= cost(v,u) for u,v € V, associated with the edges in E. Caragiannis et al. [4]
have provided an 10.8 In n-approximation algorithm but this factor has been fur-
ther improved down to 242 In(n—1) by Calinescu et al. [3]. This has been proved
to be asymptotically optimal [3].

We consider the d-dimensional geometric version of the minimum-energy broad-
casting problem where the nodes are embedded in the d-dimensional Euclidean
space in this paper. It is an important special case of the aforementioned general
graph version occurring in practice [4]. In particular, finite three-dimensional wire-
less networks represent a wide category of practical networks, such as those de-
ployed in a mountain terrain, air or water space, in buildings, or other three di-
mensional sensor networks [16].
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We present the first non-trivial upper bounds on approximation factors of the
three known greedy heuristics in the d-dimensional Euclidean space for o < d. In
particular, we show that the MST heuristic and the BIP heuristic approximate
the optimum within O(nlfa/ 4) which asymptotically matches the lower bound
for the MST heuristic observed in [6l7]. Next, we note that aforementioned lower
bound is also valid for the BIP heuristic and show that for any o > 1 (e.g., @ > 3)
this heuristic in 3D can yield a solution at least 64 301/2 +4sin 5, times larger than
the optimum. We also observe that the lower bound of /2 on the approximation
factor for the SPT heuristic from [19] generalizes to d-dimensions and arbitrary
«a and that the corresponding upper bound of n — 1 holds. Furthermore, we
consider the trivial heuristic where the whole broadcasting is done by the source
node. We show that its approximation factor is lower bounded by 2(n®~1) and
upper bounded by n€©=1 for any a > 1.

The table in Fig. [[l summarizes the majority of our results, observations and
known facts.

Heuristic ~ Lower Bound Upper Bound
MST  Q(n'~*/Y) g7 20@pt-a/d

BIP Q(nl_a/d) 2O(d)n1—a/d
SPT n/2 [19] n—1
trivial (n—1)>"t nOe=1

Fig. 1. Lower and upper bounds on the approximation factors of considered heuristics
for minimum energy broadcasting in the d-dimensional Euclidean space for 1 < a < d

2 Preliminaries

Let d be a positive integer. We assume that the network nodes are given as a
finite point set S in the d-dimensional Euclidean space. Let G be the complete
graph over the point set S.

Any broadcast routing is a directed subtree T of G (termed broadcasting tree)
rooted at the source node of the broadcasting that spans all nodes of G. We use
fr(v) to denote the transmission power of the node v required by T'. Then for
any leaf node v of T', fr(v) = 0; and for any internal node v of T,

fr(v) =~ - mazyyer|vul®

where |vu| stands for the Euclidean distance between u and v, i.e., the length
of the segment uv, v > 0, and a > 1. The total energy required by 7T is then
given by > . fr(v). The problem of minimum-energy broadcasting for G and
a distinguished source node r of broadcasting in G is to find a directed tree
T rooted at r which minimizes ) ;. fr(v). Since the value of the constant
does not affect the relative value of the broadcasting solution, we assume v = 1
throughout the rest of the paper.
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Following the definition by Wan et al. [I9], we define the radius of a point
set S as

inf sup |pq| .
peS q€S
For arbitrary weighted graphs, three greedy heuristics for the minimum-energy
broadcasting are well known [I9J20]. The MST heuristic constructs a MST of
the graph and then it roots the tree at the source node and directs its edges.
The SPT heuristic constructs first, for each node v, a minimum-cost path from
the source node to v by applying, e.g., Dijkstra’s algorithm. Note that a cost,
involving power, can be defined for each link in the network. The broadcast tree
consists of the superposition of these unicast paths. The BIP heuristic can be
seen as a variant of Dijkstra’s algorithm. It grows a directed tree rooted at the
source node, starting from the source node. New nodes are added on a minimum
incremental cost basis until all nodes are spanned by the tree.

3 Lower Bounds

Clementi et al. generalized the lower bound of 6 for the MST heuristic in the
plane from [19] to include higher dimensions, as follows in [7].

Fact 1. For any a > 1, the approrimation factor of the MST heuristic in the
d-dimensional Euclidean space is not less than the kissing number in this space
(e.g., 12 for d = 3).

In the following, we show that the lower bound of 133 for the BIP heuristic in
the two-dimensional Euclidean space from [19] can be also generalized to higher
dimensions, specifically to 3D.

Theorem 1. For any o > 1, the approzimation factor of the BIP heuristic in
the three-dimensional Fuclidean space is at least 6+ 301/2 +4sin [,. In particular,
for a = 1, the approximation factor is at least 6 + \53 +4sin 5.

Proof. Sketch. Consider a ball B of radius 1 centered at the source node r. Let H
be a hyper-plane including r and let C' be the unit circle which is the intersection
of H with the surface of B. For any three points p, ¢ and ¢, the angle between
the two rays pg and pt is denoted by /¢gpt or /tpq.

First, let us construct the point nodes qu, ..., gm+1, 01, ---, s Within C' on H as
in the proof of the 1 lower bound for BIP in the planar case in [19] (see Fig. ).

Namely, let 6 be a sufficiently small positive number. The angles between the
point nodes satisfy the following equalities:

Vs
/p1rp2 = /psrpe = .~ 30,

iy
/parp3 = /parps = _ — 20,
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Fig. 2. A bad instance for BIP in 3D

T
/p3rps = 3—9,

m
/perp1 = 3 + 116 .

Next, let ¢ be the point in the perpendicular bisector of pipg so that pig
is perpendicular to pip2. Let m be sufficiently large to satisfy the inequality
1—( I:ffl )2 > |p3p4|?. Then the nodes gy, ..., gm+1 are the m + 1 points on the ray
rq satisfying |rg;| = ! |rq| for 1 <i < m + 1. Note that g, = q.

Further, we extend the construction of [19] to a three-dimensional one as
follows.

For i € {3, 4}, let H; be the hyper-plane perpendicular to H including r and
pi- The hyper-plane H splits B into, say, a left and right half-ball. Let C5 be
the half-circle on the intersection of Hsz with the surface of the left half-ball and
similarly let Cy be the half-circle on the intersection of Hy with the right half-
ball. Place points /1 and I on C3 so that angles /psrl; and /lirls are respectively

s

3= 59 and § — g. Symmetrically, place points r; and ro on Cy4 so that angles
/parry and /7Ti7r79 are respectively 7 — 59 and § — g.

By the construction, for sufficiently large m and sufficiently small 6, in the first
m+ 1 steps the BIP heuristic adds the points ¢i, . .., ¢gm+1, and the transmission
power of the nodes r, q1, ..., qn is Tntl |rq|®. In the next step, the points p; and
pe are added. Note that they are closer to any ¢; point, in particular, g,,+1, than
Iy or ro. Then, analogously as in [I9], the points ps, ps, ps and p4 are added one

by one in four steps.
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By the straightforward generalization of the proof in [I9], the first m + 6
steps use

m—+1
o 7™ + p1gmy 1| + 2|pip2|® + 2|paps|

m

energy.

In the next subsequent two steps, the points I; and r; are added. Finally, in
the last subsequent two steps, the points I3 and ry are added. Totally, the last
four steps require |psly|® + [par1|® + [l1l2|® + |r172]* energy.

Since as observed in [19], for 6 tending to 0 and m tending to infinity, |p1¢m+1]
tends to \}37 the total energy used by BIP for o > 1 tends to 3;/2 +44+2+4
4sin [, ie., 6 + 301/2 +4sin [5,. Note that for a = 1 the total energy is at least
6+ 7, +4sin .

On the other hand, a broadcasting from the source r requiring 1% energy is
sufficient and hence, the theorem follows. a

The approximation behavior of the MST heuristic is known to change dramati-
cally when a becomes smaller than d. Clementi et al. observed in [6I7] that for
a < d the MST heuristic applied to the set of n grid points in the d-dimensional
integer grid n/¢ x .... x n'/? yields a solution requiring £2(n) energy whereas the
outcome of the trivial heuristic requires only O(n®/¢) energy. Hence, we have
the following fact.

Fact 2. For any a < d, the approrimation factor of the MST heuristic in the
d-dimensional Buclidean space is £2(n'~/?).

The observation of Clementi et al. is easily seen to be valid also for the BIP
heuristic.

Remark 1. For any a < d, the approximation factor of the BIP heuristic in the
d-dimensional Buclidean space is 2(n*=/?).

The proof of the lower bound n/2 on the approximation factor of the SPT
heuristic in two dimensions given in [I9] can be immediately adapted to d > 3
dimensions. Hence, we obtain

Remark 2. For any a > 1, the approximation factor of the SPT heuristic in
the d-dimensional Fuclidean space is at least n/2.

Finally, let us examine the trivial heuristic where solely the source node broad-
casts.

Remark 3. For any a > 1, the approzimation factor of the trivial heuristic in
the d-dimensional Euclidean space is at least (n — 1)*71.

Proof. Place the n input points on a unit length segment so the source point lies
at the endpoint of the segment and the distance between two consecutive points

is nil. The trivial heuristic uses 1%, i.e., 1 energy whereas the optimal solution
is easily seen to require only (n — 1) x ( ie., (n—1)17% energy. O

1
n—1)*"
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4 Upper Bounds

In this section, we provide tight upper bounds on the approximation factors of
the four considered heuristics in the d-dimensional Euclidean space (for a@ <
d), asymptotically matching the corresponding lower bounds presented in the
preceding section.

Let T be a MST of the input point set S in the d-dimensional Euclidean space.
Next, let ¢ denote the supreme of ) . [e|* over all point sets S of radius one.
The proof of the following lemma is completely analogous to the proof of the
corresponding lemma for a planar point set given in [19].

Lemma 1. For any o« > 1 and any point set S in the d-dimensional Fu-
clidean space, the total energy required by any broadcasting among S is at least

iZeET ‘e‘(x

In order to make the analysis more self-contained, we present a complete and
independent analysis of the MST heuristic although the result of an initial frag-
ment of our analysis, i.e., the inequality 3", 7 |e|? < 29 for a MST T in the
d-dimensional Fuclidean space is known in the literature on MST for a > d, e.g.,
see [II8]. Our proof of the aforementioned fragment (mostly given in Lemma[2))
is quite simple.

Associate with each edge e of T the d-dimensional ball B(e) of radius ele|
centered at the midpoint of e.

Lemma 2. For e < (1 —1/+/2)/2, the balls associated with the edges of T are
pairwise disjoint.

Proof. Suppose that B(e1) N B(ez) # () for two distinct edges e; and ey in 7.
It follows that the segment s connecting the midpoints of e; and e is of length
not greater than 2e-max{|e1|, |e2|}. Consider the hyper-plane H induced by e
and the segment s. Let e}, be a segment parallel to e; on H and of the same
length as es such that the midpoint of €} is the other endpoint of s. Note that
e1 and e} cross each other in their midpoints and the endpoints of e/, are within
2e-max{|eq|, |e2|} distance from the corresponding endpoints of es.

Consider the hyper-plane H' induced by e; and €. The endpoints of e; and
e} induce a parallelogram P whose diagonals are e; and e}, in H. We may assume
w.l.o.g the configuration of Fig. [3] where the base b of the parallelogram is not
shorter than its side a and e; is not shorter than ef.

Suppose first that there is a path in 7" which connects the left endpoint of e;
with the endpoint of ey corresponding to the right endpoint of e}, and does not
use e1 or es. Then, if we remove e; from T and insert an edge e3 connecting the
right endpoint of e; with the endpoint of es corresponding to the right endpoint
of e/, we obtain another spanning tree of S whose length is not greater than
|IT'| = lex] + les].

By the relationship 2(|a|? + |b|?) = |e1]? + |e5|* between the diagonals and the
sides of the parallelogram P and our assumptions on them, we obtain 4|a|? <
2|e1]? and consequently |a| < I\e/12|. Hence, the inequality |es| < |e1]/v/2 + 2¢|eq]
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Fig. 3. The parallelogram P

holds. This implies |e3| < |e1| for € < (1 —1/4/2)/2 which is a contradiction with
the optimality of 7T

Suppose in turn that there is a path in 7" which connects the right endpoint of
e1 with the endpoint of e corresponding to the right endpoint of e}, and does not
use e or es. Then, if we remove e; from T and insert an edge e4 connecting the
left endpoint of e; with the endpoint of ey corresponding to the left endpoint
of e, we obtain another spanning tree of S whose length is not greater than
IT| — |e1| + |ea]. We obtain similarly a contradiction for ¢ < (1 — 1/+/2)/2 by
lea] < le1|/v/2 + 2¢|eq| and the optimality of T.

The two remaining cases of the connecting path are symmetric to the consid-
ered ones. O

Lemma 3. For any o € [1, d| and any point set S of radius one in the d-
dimensional Fuclidean space and its MST T, the equality

S lef* = 0!~ 4)

ecT

holds.

Proof. Observe that since S is of radius one, all the edges of T have length not
greater than 1. It follows also that for e < (1 —1/4/2)/2, the total volume of the
balls B(e) over the edges e¢ in T is

e f(d) Y lel?
ecT

where f is a function of d, e.g., f(3) = 43”, see [I1] for the general form of f. On the

other hand, all the balls B(e) are within a ball of radius 1 + e¢. Hence, we obtain

ef(d)Y el < (14 ) f(d).

ecT

Therefore,
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Y el < (1)

ecT

yielding

Z ‘e‘d < 20(d)

ecT

when € tends to (1 —1/v/2)/2.

We may assume without loss of generality that n is a power of two. For
i = ..,logn, let m; be the number of edges in T" whose length is in the
interval [2 nl, n) It follows that m; 2dzdl) < 29 and consequently m; <
20( )2=d(i=1)pd  Next, let mgy be the number of edges in T' of length less than

. Clearly, we have Zlogon m; < n. Hence, on the other hand, we obtain

Q(d—l)logn/d logn Qo
a < o ) )
Sersome ™ e Y w
eeT i=[(d—1) logn/d]

Combining these inequalities, we obtain

logn

Z ‘e‘(x < O<n1—a/d) +2O(d)nd—a Z Qai—d(i—l) )

ecT i=[(d—1) logn/d]

Consequently, we have

logn
Z |e|a _ O(nlfa/d) + ZO(d) Z 2a(i710g n)+d(logn—i+1)
eeT i=[(d—1)logn/d]
logn
_ O(nl—a/d) + 20(d)0( Z 2(d—a)(logn—i)) )
i=[(d—1)logn/d]

Thus, we obtain

Uogn/dJ
Z|e|a: 1 a/d _|_20 Z 2(d )
ecT
Uogn/dJ
:O(nl—a/d)+20(d)0< Z Qj)(d—a)
j=1

< 90 p1-a/d

By combining Lemma [[] with Lemma [3] we obtain our first main result.
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Theorem 2. For any « € [1, d], the MST heuristic in the d-dimensional Eu-
clidean space yields an 2°0Dnl=/d_gpprozimation.

Wan et al. observed in [I9] that the total energy required by the broadcasting
tree constructed by the BIP heuristic for a planar point set is at most . |e|*
where T is a MST of the input point set. Their proof works for a point set in
the d-dimensional Euclidean space as well. Hence, we have the following lemma.

Lemma 4. The total energy required by the broadcasting tree constructed by the
BIP heuristic for a point set in the d-dimensional Fuclidean space is at most
Y ecr le|® where T is a MST of the input point set.

Combining Lemma dl with Lemma Bl we obtain our bound for the BIP heuristic.

Theorem 3. For any o € [1, d|, the BIP heuristic in the d-dimensional Fu-
clidean space yields an O(n'~/®)-approzimation.

Note that the energy required by the SPT heuristic does not exceed n — 1 times
the maximum of the minimum energy required by routing from the source node
r to a node v taken over all the nodes v different from r. Hence, we immediately
obtain the following remark.

Remark 4. For any «, the approzimation factor of the SPT heuristic in any
d-dimensional Fuclidean space is not greater than n — 1.

In turn, let us consider the trivial heuristic where the source node performs the
whole broadcast. It uses r* energy where r is the radius of the input point set.
To analyze it we shall use the following algebraic lemma.

Lemma 5. For any a > 1 and positive a, b,
(a+Db)* <271 (a® +b%) .
Proof. The inequality is equivalent to the following one
((a+0)/2)" < (a® +0%)/2.

Consider the power function x®. The left side of the inequality is equal to
the value of the function at the midpoint between a and b. In turn, the right
side of the inequality is equal to the mean of the values of the function at a
and b, respectively. It remains to observe that the power function is convex for
a>1. O

Theorem 4. For any «, the approximation factor of the trivial heuristic in any
O(a—1)

d-dimensional Euclidean space is not greater than n .

Proof. Consider the directed tree rooted at the source node inducing a minimum
energy broadcast session. Suppose first that the tree is just a simple directed
path. Let (u, v), (v, w) be two incident edges on the path. If we replace them
by the edge (u, w), the corresponding broadcast session will use dist(u,w)® —
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dist(u,v)* — dist(v,w)® more energy. By the two inequalities dist(u,w)®
(dist(u,v) + dist(v,w))® and (dist(u,v) + dist(v,w))® < 29 Y(dist(u,v)®
dist(v,w)®), the increase in energy does not exceed (2%~ — 1) - (dist(u,v)®
dist(v,w)®). We can easily divide the path into pairs of consecutive edges and
at most one single edge. It follows that replacing each such a pair with a single
edge increases energy consumption by a multiplicative factor not greater than
29-1 After O(logn) edge replacing phases the path reduces to a single edge,
say e, leaving r and the tree transforms into a star centered at r where e is the
longest edge. By induction on the number of phases and the observation that
(20‘*1)0(10g n) = pO@=1) the broadcast session induced by the resulting star
uses at most n°(®~1 times more energy than that used by the optimal tree.
Consider the general case where the optimal tree is not necessarily a path.
Let U be the total energy used by the optimal tree. Observe that for any path
from r to a leaf in the tree, the sum of the lengths of its edges raised to the «
power does not exceed U. Hence, if we assign n®@~)U energy to (with the
same constant at & — 1 in the exponent as in the path case) any vertex on any
such a path will be within the range of r by the argumentation from the path
case. O

<
_|_
_|_

5 Concluding Remarks

We have provided a tight upper bound on the approximation factor of the MST
heuristic for minimum energy broadcasting in the d-dimensional Euclidean space
for o < d matching the lower bound observed by Clementi et al. in [6/7] as well
as tight upper and lower bounds for three other standard heuristics for minimum
energy broadcasting adopted to d-dimensional Euclidean space and a < d.

It is an intriguing question whether or not the problem of minimum energy
broadcasting in the d-dimensional Euclidean space for a < d admits an o(logn)
approximation in polynomial time.
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Abstract. Gossiping is a communication primitive where each node of
a network possesses a unique message that is to be communicated to all
other nodes in the network. We study the gossiping problem in known
topology radio networks where the schedule of transmissions is precom-
puted in advance based on full knowledge about the size and the topology
of the network. In addition we consider the case where it is only possible
to transmit a unit size message in each time step. This gives a more
realistic model than if arbitrary length messages can be sent during each
time step, as has been the case in most previous studies of the gossiping
problem. In this paper, we propose an optimal randomized schedule that
uses O(n logn) time units to complete the gossiping task with high prob-
ability in any radio network of size n. This matches the lower bound of
2(nlogn) by Gasieniec and Potapov in [I7] [TCS’02]. Our new gossiping
schedule is based on the notion of a gathering spanning tree proposed by
Gasieniec, Peleg and Xin in [19] [PODC’05].

Keywords: Centralized radio networks, gossiping, randomized schedule.

1 Introduction

The two classical problems of information dissemination in computer networks
are the broadcasting problem and the gossiping problem. The broadcasting prob-
lem requires distributing a particular message from a distinguished source node
to all other nodes in the network. In the gossiping problem, each node v in the
network initially holds a message m,,, and the aim is to distribute all messages to
all nodes. For both problems, one generally considers as the efficiency criterion
the minimization of the time needed to complete the task.

This paper concerns the following model of a radio network. A network is an
undirected connected graph G = (V, E), where V represents the set of nodes
of the network and E contains unordered pairs of distinct nodes, such that
(v,w) € E iff the transmissions of node v can directly reach node w and vice
versa (the reachability of transmissions is assumed to be a symmetric relation).
In this case, we say that the nodes v and w are neighbours in G. One of the
particular properties of radio network is that a message transmitted by a node
is always sent to all of its neighbours.
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T. Erlebach (Ed.): CAAN 2006, LNCS 4235, pp. 125134 2006.
© Springer-Verlag Berlin Heidelberg 2006
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The number of neighbours of a node w is called its degree, and the maximum
degree of any node in the network is called the maximum degree of the network
and is denoted by A. The size of the network is the number of nodes n = |V|.

Communication in the network is synchronous and consists of a sequence of
communication steps. During each step, each node v either transmits or listens.
If v transmits, then the transmitted message reaches each of its neighbours by
the end of this step. However, a node w adjacent to v successfully receives this
message iff w is listening during this step and v is the only transmitting node
among w’s neighbours. If node w is adjacent to a transmitting node but it is not
listening, or it is adjacent to more than one transmitting node, then a collision
occurs and w does not retrieve any message in this step.

The running time of any communication schedule is determined by the number
of time steps required to complete the communication task. That is, we do not
account for any internal computation within individual nodes.

Most of the work in this field has been done under the assumption that the
processors can transmit messages of arbitrary size in a single time step. In par-
ticular any node can send all of the information it has received so far in a single
(atomic) step of the communication process. Note that this strong assumption
is rather unrealistic if the size of the network is very large. In this paper we
study the gossiping problem in radio networks where there is a restriction on the
size of each message. In particular we investigate the case where each message is
of unit size, meaning that it contains information originating from exactly one
node of the network.

We focus on algorithms that rely on using complete information about the
network topology. This type of topology-wise communication algorithms are use-
ful in radio networks that have a reasonably stable topology/infrastructure. As
long as no changes occur in the network topology during the execution of the al-
gorithm, the tasks of broadcasting and gossiping will be completed successfully.
Note also that our main goal is the design of time efficient communication pro-
cedures. However, it would not be difficult to increase the level of fault-tolerance
in our algorithm at the expense of some small extra time consumption.

Communication in radio networks with known topology. The work on
communication in known topology radio networks was initiated in the context
of the broadcasting problem. In [I3], Gaber and Mansour prove that the broad-
casting task can be completed in time O(D log? n) where D is the diameter of
the network. An £2(log? n) time lower bound was proved for the family of graphs
of radius 2, see [2] by Alon et al. While it was known for quite a while that
for every n-node radio network that there exists a deterministic broadcasting
schedule of length O(D logn + log? n), Bar-Yehuda et al. [3], an appropriate ef-
ficient construction for such a schedule was only recently proposed in [2I] by
Kowalski and Pelc. Subsequently, an efficient deterministic construction of a
broadcasting schedule of length D + O(log* n) was proposed by Elkin and Kort-
sarz [12]. In this paper, they also present an efficient deterministic construction
for a broadcasting schedule of length D + O(log® n) for planar graphs. In [19],
Gasieniec, Peleg and Xin proposed a more efficient deterministic schedule that
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uses D + O(log® n) time units to complete the broadcasting task in any radio
network. This paper also contains an optimal randomized broadcasting sched-
ule of length D + O(log® n) and a new broadcasting schedule using fewer than
3D time slots on planar graphs. More recently in [7], Cicalese, Manne and Xin
improved the broadcasting time to D + O(kgglzgn) in any radio network.

Efficient radio broadcasting algorithms for several types of known network
topologies can be found in Diks et al. [I0]. For general networks, however, it is
known that the computation of an optimal (radio) broadcast schedule is NP-
hard, even if the underlying graph is embedded in the plane [523].

Radio gossiping in networks with known topology was first studied in the con-
text of radio communication with messages of limited size, see [I7] by Gasieniec
and Potapov. In this model the authors proposed several optimal or close to op-
timal O(n)-time gossiping procedures for various standard network topologies,
including lines, rings, stars and free trees. They also proved that there exists a
radio network topology in which the gossiping (with unit size messages) requires
2(nlogn) time. The first work on radio gossiping in known topology networks
with arbitrarily large messages is [I8], where Gasieniec, Potapov and Xin propose
several optimal gossiping schedules for a wide range of radio network topologies.
Very recently, Gasieniec, Peleg and Xin proposed an efficiently computable deter-
ministic schedule that uses O(D + Alogn) time units to complete the gossiping
task in any radio network [I9]. This improves on the previous best known gos-
siping schedule [I8] with running time O(D + “/DAlog"™ n), for any network
with diameter D = Q(logi+4 n),where i is an arbitrary integer constant ¢ > 0.
Subsequently in [7], Cicalese, Manne and Xin improved the gossiping time even

further to O(D + fjffg?ogn) in radio networks where A = 2(logn).

Our results. In this paper, we study the gossiping problem in known topol-
ogy radio networks, where during each time step only one unit size message
originating from some node of the network can be transmitted successfully. The
schedule of transmissions is precomputed in advance based on full knowledge
about the size and the topology of the network. We propose an optimal random-
ized schedule that uses O(nlogn) time units to complete the gossiping task with
high probability in any radio network of size n. This matches the lower bound
of 2(nlogn) by Gasieniec and Potapov in [I7]. Our new gossiping schedule is
based on the notion of a gathering spanning tree proposed by Gasieniec, Peleg
and Xin in [19].

2 Centralized Gossiping with Unit Size Messages in
Arbitrary Graphs

In this section, we study the time complexity of gossiping in general undirected
graphs. We show that radio gossiping with unit size messages in undirected
graphs can be performed in time O(nlogn) with high probability. Our gossiping
algorithm runs in two stages. In the first stage, we collect all the messages in a
distinguished central node ¢ by transporting messages along branches of any BFS
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spanning tree rooted in c¢. The second stage is performed through broadcasting
of n unit messages from c. These broadcasts are performed in a pipelined fashion

along a gathering spanning tree, a structure first proposed by Gasieniec, Peleg
and Xin in [19].

2.1 Gathering Messages in Arbitrary Graphs

Given an arbitrary graph G = (V, E) and a BFS spanning tree T rooted at
its central node ¢, we partition the nodes into consecutive layers L; = {v |
dist(c,v) =i}, for i = 0,..,r where r is a radius of T

In the following, we will use the standard notions of parent, children, and
descendant in trees. For simplicity we assume that a node is a descendant of
itself.

We say that a node v is unsecured iff v has not delivered all messages stored
originally in its descendant to parent(v) in T. The different messages are trans-
mitted toward c in a pipelined fashion, such that only one unsecured node v in
L; of T is allowed to transmit a message to parent(v) in T at any time step ¢,
for 1 <4 < r. To avoid collisions between different BFS layers, the nodes in L;
are allowed to transmit in time steps t satisfying ¢ = i mod 3.

The following result follows directly.

Lemma 1. All different messages can be gathered at the central nodes ¢ of G in
time 3(n — 1).

2.2 Broadcasting in Arbitrary Graphs

Now that all messages have been gathered in ¢, we will show how we with high
probability can broadcast them to all nodes in G in O(nlogn) time.

We first recall the following recursive ranking procedure of nodes in a tree (see
[19]). Leaves have rank 1. Next consider a node v and the set @ of its children
and let 7,4, be the maximum rank of the nodes in Q. If there is a unique node
in @ of rank 7,,,, then set the rank of v to rp,4., otherwise set the rank of v to
Tmaz + 1.

Lemma 2. The largest rank in a tree of size n is bounded by [logn]. (see [19]).

Given any graph G with central node ¢, a gathering spanning tree of G is a BFS
spanning tree T' of G rooted at ¢, such that T is ranked as above and that also
satisfies the following condition: every node in L;; of rank ¢ is at most adjacent
to one node in L; also of rank 7, and if all the nodes of rank 4 in L; transmit at
the same time then the messages will be received by the nodes in L;;; of rank
1 successfully without any collision.

The following lemma was shown in [19].

Lemma 3. There exists a polynomial time construction of a gathering spanning
tree in any graph G.
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Fig. 1. Creating a gathering spanning tree

Figure 1 shows how a gathering spanning tree can be constructed from a
graph G.

For a gathering spanning tree T we say that an edge in T is fast if both of its
end points have the same rank, and it is slow otherwise. Since the largest rank
is at most [logn]|, there are at most [logn]| slow edges in each path from the
root ¢ to any leaf of T.

For a graph G with gathering spanning tree T', we now partition the edges of
every path of T' from c to a leaf into consecutive edge segments in the following
way.

(1) Every maximal connected path of fast edges in T is a fast segment.
(2) Every slow edge is a slow segment.

Note that a node can belong to both a fast and a slow segment. In the follow-
ing, the time steps ¢ are divided into fast blocks (t = 0 mod 2) and slow blocks
(t = 1 mod 2), such that the communication within the fast segments of T" only
occur in the fast blocks and similarly, communication within the slow segments
of T only occur in the slow blocks. We will not be explicit about this schedule
in the future presentation but assume that the time units used for both the fast
and slow segments are consecutive.

We now define a graph G = (V, E) as follows. Its nodes are the same as in G
and FE C E. In addition for every node v in a fast segment of T we add an edge
(v,w) where w is the topmost node of the fast segment that v belongs to. See
Figure 2 for an example.

Lemma 4. The graph G has radius at most 2logn.
Proof. The lemma follows directly from the definition of G and Lemma

To simplify our presentation, we also define a modified gathering spanning tree
T of G as follows. The central node c is the root of T" as well. Every edge of T
between two nodes of different rank will be also an edge in T'. In addition, if w
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@ node: v; y: ID of v; z: rank of v;

Fig. 2. From the original graph G to &

is the topmost node of a fast segment F' in 7', then w has an adjacent edge in
T to each node v € F. We denote each node that belongs to a fast segment in
T as fast in T. Thus the main change from T to T is that the nodes of every
fast segment in 7" has been collapsed and are now hanging of the topmost node
in the segment. For all other nodes their parent relationship in T is the same as
in T. The main purpose for defining T is to be able to reason about the time
complexity of performing the slow transmissions.

y: ID of v; z: rank of v;

Fig.3. From a T of Gtoa T of G

Observation 1. T of G spans G as well.

We are now ready to describe the gossiping schedule, which consists of fast steps
and slow steps as described below.
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(1) Fast steps: These are used for transmissions between two fast nodes that
are adjacent in T'. Let 74, < [logn] be the largest rank in 7. Consider a node
vof rank 7, 1 < j < rpe. on BES layer L; in T and which is also the uppermost
node of a fast segment F' in T. If v receives a new message, then v is set to
perform a transmission to its immediate fast child w in F in time step ¢/, where
t' =i+ 35 mod 3r,,4z-

Note that since w is in L;y; and has the same rank as v it follows that w will

transmit this message to its fast child (if it is not the lowest node in F) in time
step t/ =t + 1 mod 3ry,4,. Thus it follows that after at most 37,4, + |F| — 1
time steps the message will have reached every node in F'.
(2) Slow steps: These are used to transmit messages across slow edges. Con-
sider a node v on BFS layer L; in T that belongs to a slow segment of T'. If v
receives a new message, then v will perform a transmission only in time step ¢’
satisfying ¢’ = ¢ mod 3. We employ the procedure RCW from [19] to perform the
transmissions in the slow steps.

Procedure RCW allows the movement of one unit messages from one partition
of a bipartite graph of size n’ (here, an entire BFS layer L; of T) to the other
(here, the next layer L;11) with high probability in time O(logn’). Note that as
soon as the message has reached a (slow) node w in layer L; ;1 then w will start
to transmit this to its (slow) descendants (within 3 time units).

The probability that the procedure RC'W is successful in transmitting a mes-
sage between two nodes is given by the the following lemma from [I9].

Lemma 5. The probability that a node v in layer L; will be successful in trans-
mitting a message to its adjacent nodes in L;y1 is given by p > 1/(4e).

Note that the described pattern of transmissions separates the transmissions
between the fast and slow steps by at least one unit of time. The pattern also
ensures that at any time step, transmissions are performed on BFS layers at
distances that are multiples of 3 apart. Thus there will be no conflicts between
transmissions coming from different BFS layers. There is also no collisions in
transmissions between the fast nodes of 7' with the same rank and within the
same BFS layer of T' due to the properties of a gathering spanning tree (see [19]).

Corollary 1. The total time spent on fast transmissions in sending a unit mes-
sage from c to a leaf v is O(log2 n +r) where r is the radius of G.

Proof. Asstated, the time to traverse a fast segment F takes time 37,4, +|F|—1
= O(logn + |F|). There are at most logn fast segments on the path from ¢ to v
in T and the sum of the lengths of these segments is at most r, thus the result
follows.

Since the construction of a gathering spanning tree T' (and consequently of G
and T) is polynomial in view of Lemma 2.2] we have the following result.

Theorem 2. For any n-node graph G, there exists a randomized gossiping al-
gorithm with unit size messages that runs in time polynomial in n.

It remains to bound the probability of success of our gossiping schedule and to
estimate the length of the scheme constructed by it.
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Theorem 3. There exists a randomized algorithm that for any known topol-
ogy radio network of size n, following a polynomial time preprocessing stage,
solves the gossiping problem with unit size messages with high probability in time

O(nlogn).

Proof. Consider an arbitrary node v in the graph GG, and consider the path along
which it is supposed to get the message from the root. This path is divided into
“fast segments” and “slow segments” as discussed above. Consider first the fast
segments on the path from c to a leaf v and let F' be the topmost segment on
this path and w the topmost node of F'. Then it follows that the messages will be
transmitted from w in time steps at most O(logn) apart. Thus the last message
will be transmitted after O(nlogn) time. >From Corollary [ it follows that this
message will spend O(n + log®n) time on fast transmissions before it reaches
every descendant including v. Thus the total time spent on fast transmissions is
bounded by O(nlogn + log®n).

We now claim that the total number of time steps spent by the messages for
the slow steps on its way to v is at most O(nlogn) as well. For each slow
transmission we will be activating the RCW procedure O(1) times to ensure
that it reaches every node with high probability. Thus the number of times the
RCW procedure is activated for a particular message is bounded by the height
of T which is O(log n). It follows that the total time spent on slow transmissions
for one particular message is bounded by O(log2 n). Since the slow transmissions
are performed at intervals that are O(1) apart the last message will start to be
transmitted after O(nlogn) time and reach every node after spending 0(10g2)
time on slow transmissions. Thus the combined time spent on both fast and slow
transmissions is bounded by O(nlogn).

It remains to show that each message will reach every node with high proba-
bility. Note first that each participation of a particular message in an activation
of the RCW procedure succeeds (i.e., the message crosses from its current node
to the next node on the path to v) independently with constant probability
p > 1/(4€). Then let R be the height of T and X a random variable denoting
the number of successes of a particular message on its way from c to v. L.e. X
denotes the number of levels of T' that the message has crossed successfully. For
each level that the message has to cross we will activate RCW a total of 24e
times. Thus the maximum total number of times the message will participate in
the RCW procedure is 24eR, the expected value of X is W= 6R. Due to the
way T was constructed, we know that R is bounded by 2 logn.

Using the Chernoff bound, the probability Py (v) that the message will not
reach v after 24eR participations in RCW can be bounded from above by

Praa(v) < P(X <R) = P(X < (1-5/6)u) < exp <; <2> ,u) < nt.

Subsequently, the probability that the message will require more than 24eR
participations in the RCW procedure before it reaches v, is smaller than 1/n.
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The presented algorithm requires the possibility to store n messages in the
center node c. This happens just after finishing the gathering stage before the
start of the broadcast stage. We note that it is possible to get around this
requirement by interleaving the gathering and broadcasting stage. In this way no
node would need more than O(1) extra space. In fact, if y denotes the maximal
number of simultaneous messages allowed in a receive or send buffer on any
node then it is possible to modify the presented algorithm so that it solves the
gossiping problem with high probability in time O((} + r)logn) where r is the
radius of the network. Due to space limitation we defer more details to the full
version of the paper.

3 Conclusion

We have proposed a new efficient (polynomial time) randomized schedule that
performs the gossiping task with unit size messages in radio networks with
high probability in optimal time O(nlogn). The evident open problem regard-
ing gossiping is whether there exists a deterministic gossiping schedule of time
O(nlogn) for every n-node graph G.
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